arXiv:math/0512115v4 [math.AG] 22 Sep 2006 


FAKE PROJECTIVE PLANES 


Gopal Prasad and Sai-Kee Yeung 

1. Formulation of the problem 


1.1. A fake projective plane is a smooth compact complex surface which is not the complex 
projective plane but has the same Betti numbers as the complex projective plane. It is well- 
known that such a surface is projective algebraic and it is the quotient of the open unit ball 
in by a cocompact torsion-free discrete subgroup of PU(2,1). These are surfaces with the 
smallest Euler-Poincare characteristic among all smooth surfaces of general type. The first 
fake projective plane was constructed by David Mumford [Mu] using p-adic uniformization, 
and more recently, two more examples were found using a similar method by M. Ishida and 
F. Kato in [IK]. We have just learnt from JongHae Keum that he has constructed an example 
which is birational to a cyclic cover of degree 7 of a Dolgachev surface (see 5.13 below). A 
natural problem in complex algebraic geometry is to determine all fake projective planes. 

It is proved in [Kl] and [Y] that the fundamental group of a fake projective plane, consid¬ 
ered as a lattice of PU(2,1), is arithmetic. In this paper we make use of this arithmeticity 
result and the volume formula of [P], together with some number theoretic estimates, to 
make a list of all fake projective planes, see §§5 and 9. This list contains several new ex¬ 
amples. In fact, we show that there are at least seventeen, and at most twenty, distinct 
finite classes of fake projective planes (see Theorem 5.12, 9.6, and 9.8). We obtain these 
fake projective planes as quotients of the complex two ball by explicitly given torsion-free 
cocompact arithmetic subgroups of PU(2,1). In §10, we use this explicit description of their 
fundamental groups to prove that for any fake projective plane P, i7i(P, Z) is nonzero, and 
if P is not one of the fake projective planes constructed in 9.3, its fundamental group embeds 
in SU(2,1). The latter result implies that the canonical line bundle Kp of P is divisible by 
3, i.e., there is a holomorphic line bundle L on P such that Kp = 3P, see 10.4. We will 
show that 7L is very ample and it provides an embedding of P in as a smooth complex 
surface of degree 49. 

1.2. Let n be the fundamental group of a fake projective plane. Then 11 is a torsion-free 
cocompact arithmetic subgroup of PU(2,1). Let (p : SU(2,1) ^ PU(2,1) be the natural 
surjective homomorphism. The kernel of p is the center of SU(2,1) which is a subgroup of 
order 3. Let 11 = (/?“^(n). Then 11 is a cocompact arithmetic subgroup of SU(2,1). The 
Euler-Poincare characteristic of 11 is 3. So the orbifold Euler-Poincare characteristic x(n) 
of n (i.e., the Euler-Poincare characteristic in the sense of C.T.C. Wall, cf. [Sel], §1.8) is 
1. Hence, the orbifold Euler-Poincare characteristic of any arithmetic subgroup of SU(2,1) 
containing H is a reciprocal integer. To determine all fake projective planes, we first find all 
maximal arithmetic subgroups T of SU(2,1) whose orbifold Euler-Poincare characteristic is a 
reciprocal integer. (Note that any arithmetic subgroup is contained in a maximal arithmetic 
subgroup, see [BP], Proposition 1.4(iii).) Now we will briefly describe the procedure to 
determine the orbifold Euler-Poincare characteristic x(r) of P. 
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Let r be a maximal arithmetic subgroup of SU(2,1). Let k be the number field and 
G be the /c-form of SU(2,1) associated with L. The field k is generated by the traces, 
in the adjoint representation of SU(2,1), of the elements in L, and G is an absolutely 
simple simply connected /c-group such that for a real place, say Vo, of k, G{ky^) = SU(2,1), 
and for all archimedean places v Vo), G(ky) is isomorphic to the compact Lie group 
SU(3), and L considered as a subgroup of G{ky^) is an arithmetic subgroup. From the 
description of absolutely simple groups of type (see, for example, [Til]), we infer that k 
is totally real, and there is a totally complex quadratic extension £ oi k, a division algebra 
V of degree n|3, with center £, V given with an involution a of the second kind such that 
k = {x££\x = a{x)}, and a nondegenerate hermitian form h on defined in terms of 
the involution ct, such that G is the special unitary group SU(ft-) of h. 

Let Vf (resp. Voo) be the set of the nonarchimedean (resp. archimedean) places of k. 
It follows from Proposition 1.4(iv) of [BP] that A := P n G{k) is a principal arithmetic 
subgroup, i. e., for each nonarchimedean place v of fc, there exists a parahoric subgroup Py 
of G{ky) such that Yly^y^ Py is an open subgroup of the group G{Af) of finite-adeles (i.e., 
the restricted direct product of the G{ky), v € Vf), A = G{k) n Yly^y^ Py, and P is the 
normalizer of A in G{ky^). Now in terms of the normalized Haar-measure p on G(ky^) used 
in [P] and [BP], x(P) = ?,p{G{ky^)/V) (see §4 of [BP], note that the compact dual of the 
symmetric space of G{ky^) = SU(2,1) is whose Euler-Poincare characteristic is 3). Thus 
the condition that x(r) is a reciprocal integer is equivalent to the condition that the covolume 
p{G{ky^)/T) is one third of a reciprocal integer, in particular, p{G{ky^)/T) < 1/3. Also, 
x(r) = 3/x(G(fc„^)/P) = 3/j(G(fc„^)/A)/[r : A], and the volume formula of [P] determines 
p,{G{ky^)/A) precisely. Using Proposition 2.9 of [BP] we find that [P : A] is a power of 3; 
we can, and in some cases we will need to, actually compute it in the paper. Now we see 
that if x(r) is a reciprocal integer, then the numerator of the rational number fj,{G{ky^)/A) 
must be a power of 3. 

Our results will show that any arithmetic subgroup P of SU(2,1), with x(r) ^ 1, must 
arise from a fc-form G of SU(2,1) as above, where the pair {k, £) consists of fc = Q and £ one 
of the eleven imaginary quadratic fields listed in Proposition 3.5, or one of the forty pairs 
C 1 -C 40 described in 8.2. The covolume of these arithmetic subgroups can be computed using 
the volume formula given in 2.4 and the values of p given in Proposition 3.5 and in 8.2. 


§2. Preliminaries 

A comprehensive survey of the basic definitions and the main results of the Bruhat-Tits 
theory of reductive groups over nonarchimedean local fields is given in [Ti2]. 

2.1. Throughout this paper we will use the notations introduced in the previous section. 
All unexplained notations are as in [BP] and [P]. Thus for a number field K, Dk denotes 
the absolute value of its discriminant, Hk its class number, i. e., the order of its class group 
Gl{K). We shall denote by nK,d, the order of the 3-primary component of Gl{K), and by 
hK ,3 the order of the subgroup (of Cl{K)) consisting of the elements of order dividing 3. 
Then hK,z ^ ur-.s ^ hx- 

We shall denote by U{K) the multiplicative-group of units of K, and by the subgroup 
of consisting of the elements x such that for every normalized valuation v of K, v(x) G 
3Z. 
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We will denote the degree [k : Q] of fc by d, and for any nonarchimedean place v of k, 
Qv will denote the cardinality of the residue field ft, of . 

For a positive integer n, fin will denote the kernel of the endomorphism a: a;" of GLi. 
Then the center (7 of G is fc-isomorphic to the kernel of the norm map from the algebraic 
group Ri/k{k-z), obtained from fi^ by Weil’s restriction of scalars, to fi^. Since the norm map 
^t/k '■ M 3 (^) ^ d 3 (^) is onto, fisik)/Ni/k{fi 3 {£)) is trivial, and hence, the Galois cohomology 
group G) is isomorphic to the kernel of the homomorphism ^ k^ /k^^ induced 

by the norm map. This kernel equals /£^ , where £^ = {x G £^ \ N^/ki^) G k^ }. 

2.2. For V G Vf, let 0„ be the “type” of as in 2.8 of [BP], and be also as in there. 

We observe here, for later use, that for a nonarchimedean place v, is nontrivial if and 

only if G splits at v (then v splits in £) and Py is an Iwahori subgroup of G{kv) (then 0„ is 
the empty set), and in this case = 3. 

We recall that G(fc„) contains a hyperspecial parahoric subgroup if and only if v is unram¬ 
ified in £ and G is quasi-split at v (i. e., it contains a Borel subgroup defined over ky). Let 
T be the set of nonarchimedean places v oi k such that is not a hyperspecial parahoric 
subgroup of G{kv) and the latter contains such a subgroup, and also the places v such that 
Pv is an Iwahori subgroup of G{kv). Then T is finite, and for any nonarchimedean v ^ T, 
is trivial. T contains the set To of nonarchimedean places of k where G is anisotropic. 
We note that every place v G Tq splits in £ since an absolutely simple anisotropic group over 
a nonarchimedean local field is necessarily of inner type An (another way to see this is to 
recall that, over a local field, the only central simple algebras which admit an involution of 
the second kind are the matrix algebras). We also note that every absolutely simple group of 
type A 2 defined and isotropic over a field K is quasi-split (i. e., it contains a Borel subgroup 
defined over K). 

If V does not split in £, then G is quasi-split over (and its A:t,-rank is 1). In this case, if 
Py is not an Iwahori subgroup, then it is a maximal parahoric subgroup of G{ky), and there 
are two conjugacy classes of maximal parahoric subgroups in G{ky). Moreover, the two 
maximal parahoric subgroups P' and P” of G{ky) containing a common Iwahori subgroup / 
are nonisomorphic as topological groups, and if v ramifies in £, then P' and P” are of same 
volume with respect to any Haar-measure on G{ky), since, in this case, [P' : /] = [P" : /]. 

2.3. By Dirichlet’s unit theorem, U{k) = {±1} x , and U{£) = fi{£) x , where 

fi{i) is the finite cyclic group of roots of unity in £. Hence, U{k)/U{k)^ = (Z/3Z)‘^“^, 
and U{£)/U{£)^ = fi {£)3 x (Z/3Z)‘^“^, where fi {£)3 is the group of cube-roots of unity 
in £. Now we observe that Ng/k{U{£)) D Ni/k{U{k)) = U{k)‘^, which implies that the 
homomorphism U{£)/U{£)^ U{k)/U{k)^, induced by the norm map, is onto. The kernel 

of this homomorphism is clearly U{£),/U{£)^, where U{£), = U{£) A£^ , and its order equals 
#M(^)3. 

The short exact sequence (4) in the proof of Proposition 0.12 in [BP] gives us the following 
exact sequence: 


1 ^ U{£),/U{£f ^ (4)./^^^ ^ {VCM^)/V\ 

where {£ 3 ), = £3 r\£^, V is the group of all fractional principal ideals of £, and I the group 
of all fractional ideals (we use multiplicative notation for the group operation in both I and 
V). Since the order of the last group of the above exact sequence is see (5) in the proof 
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of Proposition 0.12 in [BP], we conclude that 

Now we note that the order of the first term of the short exact sequence of Proposition 
2.9 of [BP], for G' = G and S = Voo, is 3 /#/j(£)3. 

The above observations, together with Proposition 2.9 and Lemma 5.4 of [BP], and a 
close look at the arguments in 5.3 and 5.5 of [BP] for S = 1^0 and G of type ^^ 2 , give us 
the following upper bound (note that for our G, in 5.3 of [BP], n = 3): 

(0) [r : A] < n„er-To ■ 

We note that Proposition 2.9 of [BP] applied to G' = G and P' = P, implies that the 
index [P : A] of A in P is a power of 3. 

2.4. Our aim here is to find a lower bound for /r(G(fc„^)/P). For this purpose, we first note 
that 

M(G(fc„J/A) 


/j(G(fc„J/P) = 


[P:A] 


As the Tamagawa number rt.(G) of G equals 1, the volume formula of [P] (recalled in S3.7 
of [BP]), for I = Ko, gives us 

^i{G{KJ/A) = Dt{De/Dlf\l6n^)-<^£ = /Dk){167r^)-'^£; 

where £ = e(P„), and 


e{Pv) = 

We observe that if Py is hyperspecial. 


(dim +dim Mv )/‘2 
Qv 

#MyiU) 


K Qt QZ qt 

according as v does or does not split in £. If v ramifies in £ and Py is a maximal parahoric 
subgroup of G(ky), then 

1 


e(P.) = (l--)- 

Qy 


Now as 


and 


a(2)= Y[{i- 




veVf 


qz 


i*(3)=n'<i-4r'n"(i+y)'‘. 

where is the product over those nonarchimedean places of k which split in £, and J][" 
is the product over all the other nonarchimedean places v which do not ramify in £, we see 
that 

£ = a(2)Lqfe(3) n e'iPv)-, 

veT 

where, for v £ T, 

• if V splits in £, e'{Py) = e{Py){l - ^)(1 - ^), 

• if V does not split in £ but is unramified in £, e'{Py) = e(P„)(l — ^)(1 + ^), 
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• if p ramifies in e'{Pv) = e{Pv){l — ^)- 
Thus 


where, for u S T — e"(P„) = e'(P„)/#Se„, and for v £%, e"(P„) = e'(F„)/3. 

2.5. Now we provide the following list of values of e'{Py) and e"(P„), for all v G T. 

(i) V splits in i and G splits at v: 


(a) if Py is an Iwahori subgroup, then 

e"iPy) = e'{Py)/i, 

and 

e'iPy) = {ql + Qy + i)iqy + 1 ); 

(b) if Py is not an Iwahori subgroup (note that as v G T, Py is not hyperspecial), then 

e” (Py) = e'{Pv) = <?« + + 1; 

(a) V splits in £ and G is anisotropic at v (i.e., v G 7^): 

e"(Py) = e'(Py)/3, 

and 

e'(Pv) = {qv - + 1); 

(m) V does not split in £: 


(a) if V ramifies in i, then 

e"{Pv) = e{Pv) = <;„ + 1 {as v gT, Py is an Iwahori subgroup) 

(b) if V is unramified in t, then 


e"(P„) = e£{Py) 


ql + I 

— (?« +1 


if Py is an Iwahori subgroup 
if Py is a nonhyperspecial maximal parahoric subgroup. 


2.6. We assume in the sequel that ix{G{kyfi)/T) ^1/3 (cf. 1.2). Then from (1) in 2.4 we get 
the following: 


( 2 ) 


1/3 ^ ^i{G{ky,)/T) 


dJ Cfe(2)T^|fe(3) yj- ^ 


We know from the Brauer-Siegel theorem that for all real s > 1, 

(3) htRi < wis{s - l)V{sY{{2TT)-‘^<^DeY/‘^Q{s), 


where hi is the class number and Ri is the regulator of I, and wi is the order of the finite 
group of roots of unity contained in £. Zimmert [Z] obtained the following lower bound for 
the regulator Ri. 

Ri ^ 0.02wee°-^^. 
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On the other hand, we have the following lower bound for the regulator obtained by Slavut- 
skii [SI] using a variant of the argument of Zimmert [Z]: 

Re > 0.00136u;^e°-®^'^. 

We deduce from this bound and (3) that 

1 1 0.00136 1 . 

he ^3 ^ he ^ s{s - 1)^ T{s) ’ 

if we use Zimmert’s lower bound for Re instead, we obtain 

1 ^ 1 ^ 0.02 , 1 

he^ s{s-iy r(s) ’ C,e{s) 

2.7. Lemma. For every integer r ^ 2, Ck{’^y^‘^Le\k{f + 1) > 1- 
Proof. Recall that 


Ckir) = n (1 

veVf 



-1 


and 

Le\k{r+ 1) = W_{l- n(^ + 3TT) ’ 

HV HV 

where is the product over all finite places u of fc which split over ^ and is the product 
over all the other nonarchimedean v which do not ramify in £. Now the lemma follows from 
the following simple observation. 


For any positive integer q 2, 


(1 


1 1 


q — 2 2q — I 

qr+l q2r+2 


1 

gfSr+2 


< 1. 


2.8. Corollary. For every integer r ^ 2, 

C,k{r)Le\k{r + 1) > > 1- 

2.9. Remark. The following bounds are obvious from the Euler-product expression for the 
zeta-functions. For every integer r ^ 2, 

C(dr) < CfcW < Cirf, 

where ('(j) = CqO)- Now from the above corollary we deduce that 

(6) Cfe(2)Lf|fe(3) > Cfc(2)'/" ^ C(2rf)'/' > 1. 

2 . 10 . Since e"{Py) > 1 for all v &T, see 2.5 above, and Dl\De, so in particular, Dk < , 

see, for example. Theorem A in the appendix of [P], bounds (2) and (3) lead to the following 
bounds by taking s = 1 + <5 in (3) 


( 7 ) 


Re/we, 5) 
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:= 

\C(2d)^ 


5(1 + 5) 4-5T^n , , .^2^1/(3-^) 


Ci 2 dy/HRe/wi). 


(23-J^4-5r(l +5)^(1 +5)2) J 


Dl'UDr<„Mh,,):= 

n,/Di <; p(d,D,.h,,,) := 


From (2) and (4) we get: 


0.00136 . (27r)-e°-5^ .. 1 , dI/\ 

^ s(s - 1) ^ 167r5r(s) ^ DfQ{s) ^ Dj, ^ ^ 

0.00136 . (27r)^e°-5^ d 1 \ 

^ s(s - 1) 167r5r(s) Q{s) Dk 

0.00136. (27r)®e°-5^ 

^ s(s — 1) 167r®r(s)C(s)^ ^ 

Taking s = 1 + 5, with 0 < 5 ^ 2, we obtain the following bound: 


L 0.00136 J 

2 . 11 . As x(A) = 3^(G(fc„J/A), 


dI^'^ < < f{S,d) 

[^1^] l/(3-^)<i , ^ ^ ^)2^-0.57] 1/(3-^) ^ 


x(r) = 


x(A) 3fiiG{KJ/A) 


' [r:A] [r:A] 

Now since [F : A] is a power of 3 (see 2.3), if x(r) is a reciprocal integer, the numerator of 
the rational number ^{G(ky^)/K) is a power of 3. 

We recall from 2.4 that 

^iiGiKJ/A) = {DyyDk){WTT^)-‘^Cki2)Le^ki3) n e'(P„). 


Using the functional equations 


a(2) = (-2)Vi5,'/"a(-i), 


Aqfc(3) = {-2)V<^{Dk/D,)^/^L.,i-2), 


we can rewrite the above as: 


Ai(G(fc,J/A) = 2-^%i-l)Li\ki-2) n e'iPv). 


Hence we obtain the following proposition. 
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2.12. Proposition. If the orbifold Euler-Poincare characteristic x(r) ofT is a reciprocal 
integer, then the numerator of the rational number ® 

power of 3. 

For all V, as e'{Py) is an integer, the numerator of p. := l)L^|fc(—2) is also a 

power of 3. 


3. Determining i when k = Q 

We will assume in this, and the next section, that k = Q. Then £ = Q{\/—a), where a is a 
square-free positive integer. 

We will now find an upper bound for Di. 

3.1. Since Dk = Dq = 1, from (2), (5) and (6), taking s = 1 + 5, we get the following: 


( 12 ) 


24.52 • TT^ . (5(1 + ,5) • r(l + ,5)C(1 + S)^,2/i4-s) 
(27r)-5eO-iC(2)i/2 ’ 


Letting i5 = 0.34, we find that Dg < 461.6. Hence we conclude that Di ^ 461. 
Thus we have established the following. 

3.2. //x(r) ^ 1 and k = Q, then De ^ 461. 


3.3. We will now improve the upper bound for the discriminant of £ using the table of class 
numbers of imaginary quadratic number fields. 

Inspecting the table of class numbers of ^ = Q(-\/—a) with D( ^ 461 in [BS], we find that 
he ^ 21, and hence, hi^s ^ ^ 9. 

Since Dq = 1, Cq( 2) = C(2) = and C(3 )L^|q(3) = Ce{3) > 1, (2) provides us the 
following bounds 


1 ^ 


> 


25 • 3 • 7r3 • he.3 


n 

veT 


Dl'\t{3) 


25 • 3 • TT^ • he.sCi^) 


D 


b/2 


25 • 3 • TT^ • he.sCi^) 


Hence, in particular, as he^s ^ n^, 3 , 


De < {2^ ■ 3 ■ TT^ ■ . 

The above leads to the following bounds once the value of ne^s is determined. 


ne,3 13 9 

De ^ 26 40 63 

The last column of the above table implies that we need only consider De ^ 63. 
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3.4. We will further limit the possibilities for Dg. If 40 < ^ 63, we observe that ne ,3 ^ 3 

from the table in Appendix. Hence, the middle column of the above table implies that Di 
can at most be 40. 

For 26 < Di ^ 40, we see from the table in Appendix that unless D( = 31, ni ^3 = 1 and 
the first column of the above table shows that if ni ^3 = 1, ^ 26. Hence, the only possible 

values of are 31 or Di ^ 26. 

From the table in Appendix we now see that the possible values of hi ^3 and Dg are the 
following (note that if = 3, then = 3 also). 

3 = 3 ! = 23,31. 

= 1: De = 3,A,7, 8,11,15,19,20, 24. 

Now we recall that for £ = Q{\/—a) , Dg = a il a = 3 (mod 4), and Di = 4a otherwise. 
Using this we can rephrase the above result as follows. 

3.5. Proposition. //x(F) ^ 1, then the only possibilities for the totally real number field 
k and its totally complex quadratic extension £ are k = Q and £ = Q(V—a), where a is one 
of the following eleven integers, 

1, 2, 3, 5, 6, 7, 11, 15, 19, 23, 31. 


The following table provides the value of 


D 


T ■= 


f"C(2)A,/Q(3) 1 

- = - 48 ^^/ 


1671 ^ 


(- 2 ) 


(recall that ({2 .) = tt’^/6 , and the functional equation Li^q{3) = —2tt^D^ 2)J. 


a 1 2 3 5 6 7 

%V^)|q(-2) -1/2 -3 -2/9 -30 -46 -16/7 

p 1/96 1/16 1/216 5/8 23/24 1/21 


a 

11 

15 

19 

23 

31 

^Q(V^)|q(“2) 

-6 

-16 

-22 

-48 

-96 


1/8 

1/3 

11/24 

1 

2. 


3.6. The volume formula of [P] and the results of [BP] apply equally well to noncocompact 
arithmetic subgroups. So if we wish to make a list of all noncocompact arithmetic subgroups 
F of SU(2,1) whose orbifold Euler-Poincare characteristic x(r) is ^ !> we can proceed as 
above. If F is such a subgroup, then, associated to it, there is an absolutely simple simply 
connected absolutely algebraic group G defined and (by Godement compactness criterion) 
isotropic over a number field k such that G{k Gq R) is isomorphic to the direct product of 
SU(2,1) with a compact semi-simple Lie group. But since G is fc-isotropic, for every place 
V oi k, G is isotropic over ky, and hence, G{kv) is noncompact. In particular, for every 
archimedean place v of k, G(ky) is noncompact. This implies that /c = Q, G is an absolutely 
simple simply connected Q-group of type A 2 of Q-rank 1 (and hence G is quasi-split over Q). 
Moreover, G splits over an imaginary quadratic extension £ = Q(y/—a) of Q. For a given 
positive integer a, there is a unique such G (up to Q-isomorphism). The considerations of 
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3.1-3.4 apply again and imply that a has to be one of the eleven integers listed in Proposition 

3.5. 

Now for each rational prime q, we fix a maximal parahoric subgroup Pq of G(Qq) such 
that Pq is hyperspecial whenever G{Qq) contains such a parahoric subgroup, and n, Pg is 
an open subgroup of the group G{Af) of finite adeles of G, i. e., the restricted direct product 
of all the G(Qg)’s. Let A = G(Q) n Hg Pq- (This A is a “Picard modular group”.) From the 
volume formula of [P], recalled in 2.4, and the fact that e'{Pq) = 1 if Pg is not hyperspecial 
(see 2.5), we obtain that 


X(A) = 3M(G(K)/r) = 3 


P,^/^Cq(2)L^|q(3) 


327rS 




where we have used the functional equation for the L-function recalled in 3.5, and 
the fact that Cq(2) = C(2) = tt^/G. (We note that the above computation of the orbifold 
Euler-Poncare characteristic of Picard modular groups is independently due to Rolf-Peter 
Holzapfel, see [Ho], section 5A.) Now we can use the table of values of L^|q(— 2) given in 3.5 
to compute the precise value of x(A) for each a. 

Among all arithmetic subgroups of G contained in G(Q), the above A has the smallest 
Euler-Poincare characteristic. Its normalizer P in G(]R) has the smallest Euler-Poincare 
characteristic among all discrete subgroups commensurable with A. Note that A has torsion. 


4. Determination of G and the parahoric subgroups 

4.1. Let n C PU(2,1) be the fundamental group of a fake projective plane, H = <^-i(n) 
be the inverse image of H in SU(2,1), and P be a maximal arithmetic subgroup of SU(2,1) 
containing H. Let fc, t', T), the involution ct, the hermitian form h, and the fc-group G be 
as in 1.2. In the next section we will determine all fake projective planes with k = Q. So 
we assume in this and most of the next section that k = Q. Then £ is one of the eleven 
imaginary quadratic extensions of Q listed in Proposition 3.5. 

We will first show that I? is a cubic division algebra. Assume, if possible, that T> = £. 
Then /i is a hermitian form on £^. As the arithmetic s ubgroup P of G(]R) is cocompact, 
by Godement compactness criterion, h is an anisotropic form on £^. On the other hand, 
its signature over R is (2,1). The hermitian form h gives us a quadratic form q on the six 
dimensional Q-vector space V = defined as follows: 

q{v) = h{v,v) for v &V. 

The quadratic form q is isotropic over R., and hence by Meyer’s theorem it is isotropic over 
Q (cf. [Se2]). This implies that h is isotropic and we have arrived at a contradiction. 

4.2. Let A = P n G(Q). We know from Proposition 1.4(iv) of [BP] that A is a principal 
arithmetic subgroup. For each rational prime p, let Pp be the closure of A in G(Qp). Then 
Pp is a parahoric subgroup of G(Qp). Let T be the finite set of primes p such that Pp is not 
hyperspecial, and Tq be the subset consisting of p such that G is anisotropic over Qp. Since 
V must ramify at least some nonarchimedean places of £, Tq is nonempty. As pointed out 
in 2.2, every p € To splits in t. Theorem 4.4 lists all possible T, Tq, and the parahoric 
subgroups Pq. 
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Now we recall from 2.4 that 

m(G(R)/A) = n 

per 

since Cq( 2) = C(2) = 7r^/6. Using the functional equation 

UqQ(3) = -2^3^7"/'LqQ(-2), 

we obtain 

ai(g(r)/a)= n 

peT 

Recall from 2.3 that 

[r : A] ^ 3i+#^«h,,3 n 

v&T-To 

Hence, 

Ai(G(R)/r) > n e"(^p)- 

4.3. We recall here that given a square-free integer a, an odd prime p splits in £ = Q(-\/^) 
if and only if p does not divide a, and —a is a square modulo p; 2 splits in £ if and only if 
—0 = 1 (mod 8); see [BS], §8 of Chapter 3. A prime p ramifies in £ if and only if p\Df, see 
[BS], §7 of Chapter 2 and §8 of Chapter 3. 

Now using the fact that /j(G(R)/r) < 1/3, the numerator of /i(G(]R)/A) is a power of 
3 (Proposition 2.12), Proposition 3.5, the values of e'{Pp), e"{Pp) given in 2.5, the values 
of and L^|q(— 2) given in 3.4 and 3.5, and (to prove the last assertion of the following 
theorem) finally that P is a maximal arithmetic subgroup of G(]R), we easily see by a direct 
computation that the following holds. 

4.4. Theorem, (i) Tq consists of a single prime, and the pair {a,p), where £ = Q(-\/—a), 
and To = {p}, belongs to the set {(1, 5), (2, 3), (7, 2), (15, 2), (23, 2)}. 

(ii) T — Tq is precisely the set of rational primes which ramify in £. 

(iii) For any rational prime q which ramifies in £, Pq is a maximal parahoric subgroup of 
GiQq). 

4.5. Since for a G {1, 2, 7,15, 23}, Tq consists of a single prime, for each a we get exactly 
two cubic division algebras, with center £ = Q(-y/Ua), and they are opposite of each other. 
Therefore, each of the five possible values of a determines the Q-form G of SU(2,1) uniquely 
(up to a Q-isomorphism), and for q ^ T — Tq, the parahoric subgroup Pq of G(Qp) uniquely 
(up to conjugation by an element of G(Qq), where G is the adjoint group of G). 

We can easily compute /i(G(IR.)/A), which, using the volume formula given in 2.4 is seen 
to be equal to p,e'{Pp), where (a,p) is as in the preceding theorem, p is as in Proposition 3.5, 
and (see 2.5 (ii)) e'{Pp) = (p—l)^(p-l-l). We hnd that /x(G(]R)/A) equals 1, 1, 1/7, 1, and 3, 
for 0=1, 2, 7, 15, and 23 respectively. This computation is clearly independent of the 
choice of maximal parahoric subgroups in G{Qq) for primes q which ramify in £ = <Q{y/—a). 

In the sequel, the prime p appearing in the pair (o,p) will be called the prime associated 
to a, and we will sometimes denote it by Pa- 
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5. The fake projective planes arising from k = Q 

We will show in this section that there are exactly twelve finite classes of fake projective 
planes with fc = Q. We will explicitly determine their fundamental groups. 

We prove results in 5.2-5.4 for an arbitrary totally real number field k for applications in 
§§8 and 9. 

5.1. We will use the notation introduced in 1.2. In particular, A: is a totally real number 

field of degree d, £ a totally complex quadratic extension of k, and Vo is a real place of k. 
As in 1 . 2 , G is a simply connected fc-group, which is an inner form of SL 3 over £, such that 
G{kv^) = SU(2,1), and for all real places v ^ Vo, G{ky) = SU(3). We recall that there is a 
division algebra T) of degree n|3, with center £, T) given with an involution a of the second 
kind so that fj\i is the nontrivial fc-automorphism of £, and a nondegenerate hermitian form 
h on defined in terms of the involution a, such that G is the special unitary group 

SU(/i) of the hermitian form h. We note that, up to a k-isomorphism, there is a unique such 
G with n = 1, i. e., with V = £. 

Let To be the finite set of nonarchimedean places of k where G is anisotropic. As pointed 
out in 2.2, every place v G Tq splits in £. li T> = £, then h is a hermitian form on £^, and G 
is isotropic at every nonarchimedean place of fc, so in this case Tq is empty. Now we note 
that To is nonempty if I? is a cubic division algebra since this division algebra must ramify 
at least some nonarchimedean places of £. 

Let G be the center of G, G the adjoint group, and let (/? : G ^ G the natural isogeny. G is 
fc-isomorphic to the kernel of the norm map : Re/kih's) ^ Ms- So the Galois cohomology 
group iT^(fc, G) is isomorphic to the kernel of the homomorphism A^/A^ k^ /k^^ induced 
by the norm map. 

Let Af he the fc-algebra of finite adMes of k, i. e., the restricted direct product of the fc^’s 
for all nonarchimedean v. We shall say that a collection V = {Pv)veVf of parahoric subgroups 
Py of G{ky) is coherent if Yly^Vf is an open subgroup of G{Af). U V = {Py)y^Vf is a 
coherent collection, then Py is hyperspecial for all but finitely many v’s. 

5.2. LefP = {Py)y^Vf and 7^' = {Py)y^Vf be two coherent collections of parahoric subgroups 
such that for all v G Vf, Py is conjugate to Py under an element of G{ky). For all but finitely 
many v, Py = Py and they are hyperspecial. Therefore, there is an element g G G{Af) such 
that V is the conjugate of V under g. Let Py be the stabilizer of Py in G{ky). Then 
K := riuev/ Py i® stabilizer of V in G{Af ), and it is a compact-open subgroup of the 
latter. So the number of distinct G(A:)-conjugacy classes of coherent collections V as above 
is the cardinality^ of G{k)\G{Af)/K. 

As (p : G ^ G is a central isogeny, ip{G{Af)) contains the commutator subgroup of 
G{Af). Moreover, as G is simply connected and G{ky^) is noncompact, by the strong 
approximation property (see Theorem 7.12 of [PIR]), G{k) is dense in G{Af ), i. e., for any 
open neighborhood of the identity in G{Af), G{k)n = G{Af). This implies that G{k)K 
contains {p(G(Af)), which in turn contains [G(A/), G(A/)]. We now easily see that there 
is a natural bijective map from G{k)\G{Af)/K to the finite abelian group G{Af)/G{k)K. 
We shall next show that this latter group is trivial if hi^^ = 1. 

^this number is called the “class number” of G relative to K and is known to be finite, see for example, 
Proposition 3.9 of [BP] 
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We begin by observing that for every v G Voo, H^{kv,C) vanishes since C is a group of 
exponent 3. By the Basse principle for simply connected semi-simple fc-groups (Theorem 
6.6 of [PIR]) H^{k,G) n,j6Voo H^{kv,G) is an isomorphism. From these observations 
it is easy to deduce that the natural map H^{k,C) H^{k,G) is trivial, and hence the 

coboundary homomorphism 6 : G{k) H^{k,C) is surjective. 

Now we note that since for each nonarchimedean place v, H^{ky,G) is trivial ([PIR], 
Theorem 6.4), the coboundary homomorphism Sy : G{ky) H^(ky, G) is surjective and its 
kernel equals Lp(G{ky)). Now let i; be a nonarchimedean place of k which either does not 
split in i, or it splits in i and Py is an Iwahori subgroup of G{ky), and g G G{ky). Then 
the parahoric subgroup g{Py) is conjugate to Py under an element of G{ky), and hence, 
G{ky) = (p{G{ky))Py, whlch implies that Sy{Py) = Sy{G{ky)) = H^{ky,C). We observe 
also that for any nonarchimedean place v of k, the subgroup (p{G(ky))Py is precisely the 
stabilizer of the type 0„ (c A^) of Py under the natural action of G{ky) on described 
in 2.2 of [BPj. Thus Sy{Pv) = i4^(fct,,C')e„, where H^{ky,C)e^ is the stabilizer of 0„ in 
H^{ky,C) under the action of the latter on A„ through given in 2.5 of [BP]. It can be 
seen, but we do not need this fact here, that for any nonarchimedean place v oi k which 
does not lie over 3 and Py is a hyperspecial parahoric subgroup of G(ky), Sy{Py) equals 
H^y{ky,C), where H^y{ky,C) (c H^{ky,G)) is the “unramified Galois cohomology” as in 
[Se3], Chapter II, §5.5. 

The coboundary homomorphisms Sy combine to provide an isomorphism 

GiAf)/G{k)K C :=]XHHky,C)/{ij{H\k,C)) - HSyiPy)), 


where H^{ky, C) denotes the subgroup of Yly^Vj H^{ky,C) consisting of the elements c = 

(ci,) such that for all but finitely many v, Cy lies in Sy{Py), and ip : H^{k, G) ]([^ H^{ky,G) 
is the natural homomorphism. 


Andrei Rapinchuk’s observation that Ri/k{i^z) is a direct product of G and (the naturally 
embedded subgroup) ^3 has helped us to simplify the following discussion. 

H^{k, G) can be identified with j kP l '^'^and for any place u, H^{ky, G) can be identified 
with ®k ky)^/kp{£ Gfc ky)^ . Now let S be the finite set of nonarchimedean places of k 
which split in £ and Py is an Iwahori subgroup of G(A:„). If u ^ 5 is a nonarchimedean place 
which splits in £, and v', v" are the two places of £ lying over v, then the subgroup Sy{Py) 
gets identified with 







where (resp., o]),,) is the group of units of (resp., £y"), cf. Lemma 2.3(ii) of [BP] and 
the proof of Proposition 2.7 in there. 

Now let // (resp., l[) be the group of finite ideles of £ (resp., fc), i. e., the restricted direct 
product of the t'^’s (resp., fc)(’s) for all nonarchimedean places v of £ (resp., k). We shall 
view /j" as a subgroup of Ij in terms of its natural embedding. Then it is obvious that C 
is isomorphic to the quotient of the group // by the subgroup generated by ![ • (//) • £^ 
and all the elements x = (xy) G //, such that Xy G for every nonarchimedean place v of 
£ which lies over a place of k which splits in £ but is not in S. From this it is obvious that 
C is a quotient of the class group Cl{£) of £, and its exponent is 3. This implies that C is 
trivial if = 1 . 
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Let US now assume that I = Q(-y/~23), and S = {2}. Then = 3. But as either of the 
two prime ideals lying over 2 in ^ = Q(V~23) generates the class group of £, we see that C 
is again trivial. Thus we have proved the following. 

5.3. Proposition. Let V = {Pv)y^Vf o-nd V' = {P^v^Vf be two eoherent collection of 
parahoric subgroups such that for every v, P^ is conjugate to Pv under an element of G{kv)- 
Then there is an element in G{k) whieh eonjugates V to V if = 1. This is also the case 
if I = Q(-\/~23), and the set S of rational primes p which split in £, and Pp is an Iwahori 
subgroup, consists of 2 alone. 

5.4. Let G, G, and G be as in 5.1. As before, let Tq be the finite set of nonarchimedean 
places of k where G is anisotropic. 

We fix a coherent collection {Pv)veVf of parahoric subgroups such that Pv is maximal for 
every v which splits in £. Let A = G{k) P| T be the normalizer of A in G{kv^), and L be 

the image of T in G{kv„). We know (see bound (0) in 2.3, and 2.2) that [T : A] < 

From Proposition 2.9 of [BP] and a careful analysis of the arguments in 5.3, 5.5 and the 
proof of Proposition 0.12 of loe. cit. it can be deduced that, in fact, [P : A] = 3^+^^”, if 
either he^s = 1 (then hk ,3 = 1, see Theorem 4.10 of [W]), or {k,£) = (Q, Q(V—23)) and 
To = {2}. We briefly outline the proof below. 

Let 6 „ (c A„) be the type of and 0 = We have observed in 5.2 that the 

coboundary homomorphism S : G{k) H^(k,C) is surjective. Using this fact we can 
easily conclude that for G at hand, the last term d(G{k))'Q in the short exact sequence of 
Proposition 2.9 of [BP], for G' = G, coincides with the subgroup H^{k,G)e of H^{k,C) 
defined in 2.8 of [BP]. Also, the order of the first term of that short exact sequence is 
3 /#/x(£) 3 . So to prove the assertion about [P : A], it would suffice to show that H^{k,C)e 
is of order if either = 1, or {k,£) = (Q, Q(V—23)) and % = {2}. 

As in 2.1, let £^ = {x € £^ \ Ni/k{x) S k^^}, and let (£ 3 ), = £3 H £^. We can iden¬ 
tify H\k,G)e with the group where £^^ is the subgroup of £^ consisting of el¬ 

ements X such that for every normalized valuation v of £ which does not lie over a place 
in 7(), v{x) e 3Z, see 2.3, 2.7 and 5.3-5.5 of [BP]. We claim that the order of £\^/£^'^ is 
#/x(£) 33 ^^“. If ht ^3 = 1 = /ife^ 3 , from 2.3 above and Proposition 0.12 of [BP] we see that 
ff{£ 3 )»/£^^ = ^nd U{k)/U{kY k 3 /k^^ is an isomorphism. Since the homomor¬ 

phism U{£)/U{£Y U{k)/U{kY, induced by the norm map, is onto (2.3), given an element 
y & £^ whose norm lies in ^ 3 , we can find an element u € U{£) such that uy € £^, i.e., 
Ni/k{uy) G k^^. Now it is easy to see that if hi ^3 = 1, ^’^^/(^s). is of order 3^^°. This 
implies that #(^ro/^^^) = 

Let (k, £) = (Q, Q(-y/—23)) now. Then as neither of the two prime ideals of £ = Q{\/—23) 
lying over 2 is a principal ideal, we see that if Tq = { 2 }, £^^ = {£ 3 ),, and therefore, £^^ 1 ^^ = 
(^s)*/^^ • The latter group is of order 3 (=/i^, 3 ), see [BP], Proposition 0.12. This proves the 
assertion that [P : A] = 31 +#^) jf either he ^3 = 1, or {k,£) = (Q, Q(V—23)) and Tq = {2}. 

In the rest of this section we will assume that k = Q. Then £ = Q{^/—a), and, as we saw 
in 4.1, I? is a cubic division algebra with center £. 

5.5. Lemma. Let £ = Q{y/—a), where a is a sguare-free positive integer. Let V be a 
cubic division algebra with center £, and a be an involution of V of the second kind. Let G 
be the special unitary group described in 6.2. Then G(Q) is torsion-free if a 3 or 7. If 
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0 = 3 (resp., a = 7), then the order of any nontrivial element of G{Q) of finite order is 3 
(resp., 7). 

Proof. Let x G G(Q) be a nontrivial element of finite order. Since the reduced norm of — 1 
in V is —1, X ^ —1, and therefore the Q-subalgebra K := Q[a;] of V generated by a; is a 
nontrivial field extension of Q. Note that the degree of any field extension of Q contained 
in I? is a divisor of 6. If K = £, then x lies in the center of G, and hence it is of order 3. 
But Q(\/—3) is the field generated by a nontrivial cube-root of unity. Hence, ii K = £, then 
0 = 3 and x is of order 3. Let us assume now that K £. Then K cannot be a quadratic 
extension of Q since if it is a quadratic extension, K ■ £ is a field extension of Q of degree 
4 contained in T>, which is not possible. So K is an extension of Q of degree either 3 or 
6. Since an extension of degree 3 of Q cannot contain a root of unity different from ±1, K 
must be of degree 6, and so, in particular, it contains £ = Q(V~^)- Note that the only roots 
of unity which can be contained in an extension of Q of degree 6 are the 7-th and the 14-th, 
or the 9-th and the 18-th roots of unity. 

For an integer n, let Gn be the extension of Q generated by a primitive n-th root fn 
of unity. Then Gr = Gu D QiV^), and Cg = Cis D Cg = and Q(-\/^) 

(resp., Q(-\/^)) is the only quadratic extension of Q contained in C 7 (resp., Gg). As K D 
we conclude that the group G(Q) is torsion-free if a 7 ^ 3 or 7, and if a = 3 
(resp., a = 7), then the order of a; is 9 (resp., 7). In particular, if a = 3 (resp., a = 7), 
then K = Q(C 9 ) (resp., K = Q(C 7 ))- However, if a = 3, Nji/i{Cg) = Cl 7 ^ and if a = 7, 
Nx/eiCr) = 1- This implies the last assertion of the lemma. 

Let a be one of the following five integers 1, 2, 7, 15, and 23, and let p = Pa he the 
prime associated to a (see 4.4-4.5). Let £ = Q{V^) and let I? be a cubic division algebra 
with center £ whose local invariants at the two places of £ lying over p are negative of each 
other, and whose invariants at all the other places of £ are zero. There are two such division 
algebras, they are opposite of each other. We fix an involution cr of I? of the second kind so 
that if G is the simply connected Q-group with 

G(Q) = {x G I xa{x) = 1 and Nrd(a;) = 1}, 

then G(R) = SU(2,1). We observe that any other such involution of V, or of its opposite, 
similarly determines a fc-group which is fc-isomorphic to G. Let A, F and F be as in 5.4. 

5.6. Proposition. If {a,p) = (23,2), then F is torsion-free. 

Proof. We assume that (a,p) = (23, 2) and begin by observing that according to Proposition 
1.2 of [BP], F is contained in G(Q). As H^{Q, G) is a group of exponent 3, so is the group 
G(Q)/(/?(G(Q)). Now as G(Q) is torsion-free (5.5), any nontrivial element of G(Q) of finite 
order has order 3. 

To be able to describe all the elements of order 3 of G(Q), we consider the connected 
reductive Q-subgroup Q of GLi^-p, which contains G as a normal subgroup, such that 

0(Q) = {xei?>< I x(t(x) eQ><}. 

Then the center C of is Q-isomorphic to i?^/Q(GLi). The adjoint action of Q on the Lie 
algebra of G induces a Q-isomorphism Q/C G. As H^{Q,C) = {0}, we conclude that 
the natural homomorphism tJ(Q) ^ G(Q) is surjective. Now given an element g of G(Q) 
of order 3, there is an element X G £^ such that (z) Act(A) = a^, with a G . Then the 
field L := £\X]/{X^ — A) admits an involution r (i.e., an automorphism of order 2) whose 
restriction to the subfield £ coincides with crj^; r is defined as follows: let x be the unique 



16 


FAKE PROJECTIVE PLANES 


cube-root of A in L, then T(a;) = a/x. (ii) L is embeddable in T) so that r = ct|l, and x maps 
to g. The reduced norm of x {x considered as an element of V) is clearly A, and the image of 
g in H^{Q, C) C is the class of A in Now if g stabilizes the collection (Py), 

then its image in H^{Q,C) must lie in the subgroup H^{Q,C)q, and hence {in) v{X) G 3Z 
for every normalized valuation v of £ not lying over 2 (cf. 5.4). 

The conditions (i) and (in) imply that A G £* 2 j = (^ 3 ). = where o = (3 -I- 

V—23)/2. Since A is not a cube in A G U o?£^'^. But Q 2 contains a cube-root of a 
(this can be seen using Hensel’s Lemma), and hence for A G a£^^yja^£^^, L = £[X]/{X^ — X) 
is not embeddable in T). (Note that L is embeddable in T) if and only if L ( 8 )q Q 2 is a direct 
sum of two field extensions of Q 2 j both of degree 3.) Thus we have shown that G(Q) does not 
contain any nontrivial elements of finite order which stabilize the collection (L\,). Therefore, 
r is torsion-free. 

5.7. Examples of fake projective planes. Lemma 5.5 implies that the congruence 
subgroup A described in 5.4 is torsion-free if (a,p) = (1, 5), (2,3), (15, 2) or (23, 2). Now let 
(o,p) = (7,2). Then as G is anisotropic over Q 2 , G(Q 2 ) is the group SLi(S) 2 ) of elements 
of reduced norm 1 in a cubic division algebra £>2 over Q 2 - The first congruence subgroup 
G(Q 2 )''’ := SL^^^(!D 2 ) of SLi(£) 2 ) is the unique maximal normal pro -2 subgroup of G(Q 2 ) 
of index (2^ — l)/(2 — 1) = 7 (see Theorem 7(2) of [Ri]). By the strong approximation 
property (Theorem 7.12 of [PIR]), A+ := A n G(Q 2 )''' is a congruence subgroup of A of 
index 7. Lemma 5.5 implies that A+ is torsion-free since G(Q 2 )~'' is a pro-2 group. As 
/i(G(R)/A) = 1/7 (see 4.5), /i(G(IR)/A+) = 1, and hence the Euler-Poincare characteristic 
of A+ is 3. 

As A, and for a = 7, A+ are congruence subgroups, according to Theorem 15.3.1 of [Ro], 
H^{A,C), and for a = 7, H^{A'^,<C) vanish. By Poincare-duality, then H^{A,<C), and for 
a = 7, iL^(A+,C) also vanish. Now since for a = 1, 2, and 15, /j(G(]R)/A) = 1 (4.5), the 
Euler-Poincare characteristic x(A) of A is 3, and for a = 7, x(^^) is also 3, we conclude 
that for 0 = 1, 2 , and 15, iL*(A, C) is 1-dimensional for z = 0, 2 , and 4, and if o = 7, this 
is also the case for iL®(A+, C). Thus if X is the symmetric space of G(]R), then for a = 1, 2 
and 15, X/A, and for a = 7, X/A~^, is a fake projective plane. 

There is a natural faithful action of r/AG(M) (resp. r/A+G(]R)), which is a group of 
order 3 (resp. 21), on X/A (resp. X/A'^). 

In 5.8-5.11, we will describe the finite classes of fake projective planes associated with 
each of the five pairs {a,p). 

5.8. In this paragraph we shall study the fake projective planes arising from the pairs 
(o,p) = (1,5), (2,3), and (15,2). Let A and T be as in 5.4. Let II C T be the fundamental 
group of a fake projective plane and II be its inverse image in P. Then as 1 = x(n) = 
3/i(G(K.)/n) = /j(G(K.)/A), n is of index 3 (= [P : A]/3) in P, and hence II is a torsion-free 
subgroup of P of index 3. Conversely, if PI is a torsion-free subgroup of P of index 3 such 
that iP^(n,C) = {0} (i.e., n/[n,n] is finite), then as x(n) = 3, X/XV is a fake projective 
plane, and II is its fundamental group. 

5.9. We will now study the fake projective planes arising from the pair (7, 2). In this case, 
as in 5.7, let A+ = A n G(Q 2 )~'’) which is a torsion-free subgroup of A of index 7. We know 
that Af/A+ is a fake projective plane. 
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Now let n be the inverse image in T of the fundamental group 11 C F of a fake projective 
plane. Then as /i(G(IR)/r) = /x(G(]R)/A)/9 = 1/63, and ^(G(IR)/n) = x(n)/3 = 1/3, n 
is a subgroup of T of index 21, and hence [T : H] = 21. Conversely, if 11 is a torsion-free 
subgroup of r of index 21, then as x(n) = 3, X/IV is a fake projective plane if and only if 
n/[n,n] is finite. Mumford’s fake projective plane is given by one such 11. 

5.10. We finally look at the fake projective planes arising from the pair (23, 2). In this case, 
^(G(IR)/r) = /j(G(R)/A)/9 = 1/3 (see 4.5). Hence, if H is the inverse image in T of the 
fundamental group H C T of a fake projective plane, then as ^(G(IR)/n) = x(n)/3 = 1/3 = 
/i(G(IR)/r), n = r. Therefore, the only subgroup of F which can be the fundamental group 
of a fake projective plane is F itself. 

As F is torsion-free (Proposition 5.6), x(F) = 3, and A/[A, A], hence F/[F,F], and so also 
F/[F, F] are finite, X/T is a fake projective plane and F is its fundamental group. 

5.11. We recall that the hyperspecial parahoric subgroups of G(fc„) are conjugate to each 
other under G{kv), see [Ti2], 2.5. So from Proposition 5.3 we see that if a ^ 15 (resp., a = 
15), then up to conjugation by G(Q), there are exactly 2 (resp., 4) coherent collections (Pg) 
of maximal parahoric subgroups such that Pg is hyperspecial whenever q does not ramify in 
Q(V—a), since if a ^ 15 (resp., a = 15), there is exactly one prime (resp., there are exactly 
two primes, namely 3 and 5) which ramify in £ = Q(-\/—a). 

We observe now that Mostow’s strong rigidity theorem ([Mo]) implies that an isomor¬ 
phism between the fundamental groups of two fake projective planes extends to a Q-rational 
isomorphism between the Q-forms of PU(2,1) associated with the fundamental groups. We 
also note here that (Aut G)(Q) = G(Q). 

From the results in 5.8-5.10 we conclude that for each a € {1,2,7,23}, there are two 
distinct finite classes, and for a = 15, there are four distinct finite classes, of fake projective 
planes. Thus the following theorem holds. 

5.12. Theorem. There are exactly twelve distinct finite classes of fake projective planes 
with k = Q. 

5.13. Remark. To the best of our knowledge, only three fake projective planes were known 
before the present work. The first one was constructed by Mumford [Mu] and it corresponds 
to the pair (a,p) = (7, 2); see 5.9. Two more examples have been given by Ishida and Kato 
[IK] making use of the discrete subgroups of PGL 3 (Q 2 ), which act simply transitively on the 
set of vertices of the Bruhat-Tits building of the latter, constructed by Cartwright, Mantero, 
Steger and Zappa. In both of these examples, {a,p) equals (15, 2). We have just learnt from 
JongHae Keum that he has constructed a fake projective plane which is birational to a cyclic 
cover of degree 7 of a Dolgachev surface. This fake projective plane admits an automorphism 
of order 7, so it appears to us that it corresponds to the pair (7,2), and its fundamental 
group is the group A"*" of 5.7 for a suitable choice of a maximal parahoric subgroup Py of 
G(Q7). 

6. Lower bound for discriminant in terms of the degree of a number field 

6.1. Definition. We define Mr{d) = mini^where the minimum is taken over all 
totally real number fields K of degree d. Similarly, we define Mfid) = min/fl?]/^'^ by taking 
the minimum over all totally complex number fields K of degree d. 
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It is well-known that Mr{d) ^ from the classical estimates of Minkowski. 

The precise values of Mr{d) for small values of d are known due to the work of many 
mathematicians as listed in [N], For d ^ 8, the values of Mr{d) are given in the following 
table. 


d 2 3 4 5 6 7 8 

Mr{d)^ 5 49 725 14641 300125 20134393 282300416 

An effective lower bound for Mr{d), better than Minkowski’s bound for large d, has been 
given by Odlyzko [01]. We recall the following algorithm given in [01], Theorem 1, which 
provides a useful estimate for Mr{d) for arbitrary d. 

6.2. Let b{x) = [5 -I- (12a;^ — 5)^/^]/6. Define 

g{x,d) = exp [log(7r) - ^(x/2)-h 

1 2 2 2x - 1 2x - 1 , 

~^d X x-1 h{xf (^(a;) - 1)^ 

Let a = As we are considering only totally real number fields, according to 

Theorem 1 of [01], Mr{d) ^ g{x, d) provided that x > 1 and b{x) ^ 1 + ax. 

Now let Xo be the positive root of the quadratic equation b{x) = 1-1- ax. Solving this 
equation, we obtain Xo = ~ 1-01.... For a fixed value of d, define 91((i) = 

g{x,d). 

6.3. Lemma. For each d > 1, Mr{d) ^ 2fl{d), and 8ft{d) is an increasing function of d. 

Proof. It is obvious from our choice of Xo that Mr{d) ^ 91((i). We will now show that 91(d) 
is an increasing function of d. 

For a fixed value of x > 1, g{x,d) is clearly an increasing function of d since the only 
expression involving d in it is 

(l/d){-2/x - 2/(x - 1) - (2x - l)/b{xf - (2x - l)/(5(x) - l)^}, 

which is nonpositive. Now for a given d, and a positive integer n, choose a x„ ^ xq such 
that g{xn,d) ^ 91(d) — 10“". Then 

91(d -I- 1) = limsup (/(x, d -f 1) ^ ff(x„, d -I- 1) ^ gixn, d) > 91(d) — 10“". 

X^Xo 

Hence, 91(d -f 1) ^ 91(d). 

6.4. In the next section, we will use the lower bound for the root-discriminant of totally 
complex number fields K obtained by Odlyzko in [02]. We will denote by Nc{no) the entry 
for totally complex number fields given in the last column of Table 2 of [02] for n = uq. We 
recall from [02] that for every number field K of degree n ^ uq, the root-discriminant 
satisfies > Nc{no). 

For small d, we will also use Table IV of [Ma]. This table was originally constructed by 
Diaz y Daiz. 


7. Upper bounds for the degree d of k, Dk and Dg 
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7.1. Let f{S,d) be the function occurring in bound (10). It is obvious that for c > 1, 
ci/(3-i5)d decreases as d increases. Now for 5 ^ 0.002, as 

0.00136 ’ 

inf^ f{6,d), where the infimum is taken over the closed interval 0.002 ^6^2, decreases as 
d increases. A direct computation shows that /(0.9, 20) < 16.38. On the other hand, for 
d ^ 20, Lemma 6.3 gives us 


Mr{d) ^ 91(20) ^ 5(1.43,20) > 16.4, 

where g{x, d) is the function defined in 6.2. From these bounds we conclude that d = [k : 
Q] < 20. 

To obtain a better upper bound for d, we observe using Table 2 in [02] that that Mr{d) > 
17.8 for 15 ^ d < 20. But by a direct computation we see that /(0.9,15) < 17.4. So the 
monotonicity of f{d,d), as a function of d for a fixed 6 , implies that d cannot be larger than 
14. 

7.2. Now we will prove that d ^ 7 with the help of Hilbert class fields. Let us assume, if 
possible, that 14 ^ d ^ 8. 

We will use the following result from the theory of Hilbert class fields. The Hilbert 
class field L := H{t} of a totally complex number field f is the maximal unramified abelian 
extension of t'. Its degree over I is the class number hi of£, and . 

We consider the two cases where hi ^ 63 and hi > 63 separately. 

Case (a): hi ^ 63: In this case hi^^ ^ 27, and from bound (8) we obtain 

dI^‘^ < ip2{d,hi^s) < ip:i{d) := 27^/^‘^(167r®)^/'‘. 

The function (pz{d) decreases as d increases. A direct computation shows that g}z{d) ^ 
:y93(8) < 9.3. On the other hand, from Table 2 in [02] we find that Mr{d) > 10.5, for 
14 ^ d ^ 8. This is incompatible with the earlier upper bound for Lp^ld). 


Case (b): hi > 63: In this case, let L be the Hilbert class field of £. Then [L : £] = hi, 
Dl = Di'^, and 2dhi ^ 16 x 63 > 1000. From 6.4 we conclude that 


j-^l/2d _ j-^l/2dhe 

^ Mc{2dhi) 

^ Nc(lOOO) 
= 20.895, 


where the last value is from Table 2 of [02]. However, as /(0.77, d) < /(0.77,8) < 20.84, 
bound (10) implies that < 20.84. Again, we have reached a contradiction. So we 

conclude that d ^7. 


7.3. To find better upper bounds for d, Dk and Di, we will make use of improved lower 
bounds for Ri/wi for totally complex number fields given in [F], Table 2. We reproduce 
below the part of this table which we will use in this paper. 
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r2 = d 

for < 

Ri/wi ^ 

2 

17.2 

0.0898 

3 

24.6 

0.0983 

4 

29.04 

0.1482 

5 

31.9 

0.2261 

6 

33.8 

0.4240 

7 

34.4 

0.8542 


We also note here that except for totally complex sextic fields of discriminants 
-9747, -10051, -10571, -10816, -11691, -12167, 
and totally complex quartic fields of discriminants 

117, 125, 144, 

Ri/wi is bounded from below by 1/8 for every number field f, see [F], Theorem B'. 

7.4. We consider now the case where d = 7. Bound (10) implies that /'"</(0.75,7)< 

22.1. Using the lower bound for Ri/wi given in the table above and bound (7), we conclude 
by a direct computation that 

< ^1(7,0.8542,0.8) < 18.82. 

On the other hand, from 6.4 we know that the root-discriminant of any totally complex 
number field of degree ^ 260 is bounded from below by W(260) = 18.955. So we conclude 
that the class number hi of ^ is bounded from above by 2Q0l2d = 260/14 < 19, for oth¬ 
erwise the root-discriminant of the Hilbert class field of I would be greater than 18.955, 
contradicting the fact that it equals . 

As hi < 18, hi^z ^ 9- Now we will use bound (8). We see by a direct computation that 
(/?2(7,9) < 9.1. Hence ^ < 9.1. On the other hand, we know from 6.1 that 

Mr{7) = 20134393^/^ ^ 11. This implies that d cannot be 7. Therefore, d ^ 6. 

7.5. Employing a method similar to the one used in 7.2 and 7.4 we will now show that d 
cannot be 6. 

For d = 6, from bound (10) we get < /(0.71,6) < 24. Using the lower bound for 

Rijwi provided by the table in 7.3 and bound (7), we conclude by a direct computation 
that (6,0.424,0.8) < 20. From Table 2 in [02] we find that A/,(480) > 20. 

Now, arguing as in 7.4, we infer that the class number hi of I is bounded from above by 
480/12 = 40, which implies that hi^s ^ 27. As (^2(6,27) < 10, bound (8) implies that 
dY'^ < 10. Now since Nc{21) > 10, we see that the class number of £ cannot 

be larger than 21/12 < 2. Hence, hi = 1 = hi^^. We may now apply bound (8) again to 

conclude that < 7^2 (6,1) < 8.365. Checking from the table t66.001 of [1], we know that 
the two smallest discriminants of totally real sextics are given by 300125 as mentioned in 

6.1, followed by 371293. As 371293^/® > 8.47, the second case is not possible and we are left 
with only one candidate, Dk = 300125. As p(6,300125,1) < 1.3, we conclude from bound 
(9) that Di/D"l. = 1. Hence, if d = 6, {Dk,Di) = (300125,300125^) is the only possibility. 
From the tables in [1] we find that there is a unique totally real number field k of degree 
6 with Dk = 300125. Moreover, the class number of this field is 1. Gunter Malle, using 
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the procedure described in 8.1 below, has shown that there is no totally complex quadratic 
extension i of this field with Dt = 300125^. Therefore d cannot be 6. 

7.6. For d = 5, bound (10) implies that ^ /(0.7,5) < 26.1. It is seen from the table in 

7.3 that Ri/we ^ 0.2261. Hence < (/?i(5,0.2261,0.72) < 21.42. As lVc(2400) > 21.53, 
arguing as in 7.4 we see that the class number hi of I is bounded from above by 2400/10 = 
240. Hence, < 81 = 3^. Now we note that <^2(5,81) < 10.43, but lVc(23) > 10.43. 
So, hi < 23/10, and therefore, hi^^ = 1. But then < <^2(5,1) < 8.3649. As 

Mr{5)^ ^ 14641 and p(5,14641,1) < 5.2, we conclude from bound (9) that Di/D'j. ^ 5. 

7.7. Let now d = 4. In this case, A: is a totally real quartic and f is a totally complex octic 
containing k. Table 4 of [F] gives the lower bound Rk ^ 41/50 for the regulator. Since A is a 
CM field which is a totally complex quadratic extension of k, we know that Ri = Rk/Q, 
where Q = 1 or 2 is the unit index of k (cf. [W]). We will now estimate Wi, the number of 
roots of unity in 1 . 

We know that the group of roots of unity in A is a cyclic group of even order, say m. Let 
Cm be a primitive m-th root of unity. As the degree of the cyclotomic field Q(Cm) is 
where (j) is the Euler function, we know that is a divisor of 2d = 8. The following table 
gives the values of m and (j){m) for (l>{m) ^ 8. 

TO 2 4 6 8 10 12 14 16 18 20 24 30 
(/(to) 122444686888 

If = 8, then to = 16, 20, 24 or 30, and Q(Cm) equals Note that Q(C 3 o) = Q(Ci5)- 
The class number of these four cyclotomic fields are all known to be 1 (see [W], pp. 230 and 
432). So in these four cases, = 1. Bound (8) implies that < (^2(4,1) < 

8.3640. As Mr(4)^ = 725 and p(4, 725,1) < 21.3, we conclude from bound (9) that Di/Dl ^ 
21 . 

Assume now that ^ 8. Then to ^ 12. Hence, wi ^ 12. So we conclude that except 
for the four cyclotomic fields dealt with earlier, 

Ri/wi > 2^Rkll2Q ^ i?fc/3 ^ 41/150. 

Applying bound (7), we conclude that (4,41/150, 0.69) < 21.75 by a direct 

computation. From Table IV of [Ma], we know that a totally complex field of degree 4000 
has unconditional root-discriminant bound ^ 21.7825. It follows, as before, using the 
Hilbert Class field of that the class number hi of i is at most 4000/8 = 500. Hence, 
hi ,3 ^ 3^ = 243. Bound (8) now gives that ^ (^2(4,243) < 11.8. But from Table 2 of 
[02] we find that Nc{32) > 11.9. So we conclude hi ^ 32/8 = 4. Hence, hi ,3 < 3. Applying 
bound (8) again we infer that < (^2(4,3) < 8.96. As Nc{l 8 ) > 9.2, we conclude that 
hi < 18/8. But then hi ,3 = 1, and the argument in the preceding paragraph leads to the 
conclusion that 14^^^ < Dy^ < ‘/?2(4,1) < 8.3640 and Di/Di. ^ 21. 

7.8. We consider now the case d = 3. Suppose that < 21.7. Since according to 

Table IV of [Ma], Mc(4000) ^ 21.7825, we infer, as above, using the Hilbert class field 
of £, that hi ^ 4000/6 < 667. Then hi ,3 ^ 243 = 3^. It follows from bound (8) that 
Oy^ ^ (^ 2 ( 3 ,243) < 13.3. From Table 2 of [02] we find that A/;(44) > 13.37. Therefore, 
hi ^ 44/6 < 8. Hence, hi ,3 < 3. Now we observe that (/92(3, 3) < 9.17. But as Vc(18) ^ 9.28, 



22 


FAKE PROJECTIVE PLANES 


1 /3 

ht < 18/6 = 3, which implies that = 1. We then deduce from bound (8) that ^ 
Dy^ < (^ 2 ( 3 ,1) < 8.3591. Also since Dk ^ 49 (see 6.1), and p(3,49,1) < 52.8, we conclude 
from bound (9) that Di/D\ ^ 52. 

We assume now that Dy^ ^ 21.7 (and d = 3). We will make use of a lower bound for 
Rt/wi which is better than the one provided in 7.3. Table 4 of [F] implies that Rk ^ 0.524. 
Recall from 7.7 that Rifwi = 2‘^~^Rk/Qwg > 2Rk/wi > 2(0.524)/w^. From the table of 
values of the Euler function given in 7.7, we see that is a proper divisor of 6 only for 

TO = 2, 4, 6. So we conclude that wi ^ 6 unless £ is either Q(Ci 4 ) or Q(Ci8)- Since both 
Q(Ci 4) = Q(C7) or Q(Ci 8) = Q(C9) are known to have class number 1 (cf. [W], pp. 229 and 
412), the bounds obtained in the last paragraph apply to these two cases as well. Hence, 
it remains only to consider the cases where ^ 6. So we assume now that wi ^ 6. Then 
Ri/we ^ 2(0.524)/6 > 0.17. 

Observe that bounds (2), (3) and (6) imply that 


Dy‘^ ^^id,De,Ri/wi,d) 


rRe/mCi^yyyyi Vd {2t:Y+^ ,j^i/2d.A-s 

L (5(d + l) J 167r5F(l + (5)C(l + <5)2^ ^ ’ 


As Dy^ ^ 21.7, it follows from this bound by a direct computation that Oy^ ^ 
^( 3 , 21 . 76 , 0 . 17 , 0 . 65 ) > 16.4. 

Recall now a result of Remak, stated as bound (3.15) in [F], 


Rk > 


(logHfc - dlogd) .d-i 

{7d_idi/0-i)(d3_rf)/3}i/2J ’ 


where d = 3 and jd-i = “21^3 as given on page 613 in [F]. Since Ri = 2^^ ^Rk/Q ^ 2Rk, 
we obtain the following lower bound 


R(/wi ^ r{Dk,Wi) := 


2 r (log Dk-3 log 3) 

wy {2(32-l)}i/2 


2 


As in the argument in the last paragraph, we assume that wi ^ 6. Then from the preceding 
bound we get the following: 


Ri/wt > r(16.46,6) > 0.54. 


We now use bound (7) to conclude that Oy^ ^ V3i(3, 0.54, 0.66) < 20.8 < 21.7, contradicting 
our assumption that Dy^ ^ 21.7. 

Therefore, < d]/® < 8.3591 and De/Dl < 52. 


7.9. Finally we consider the case d = 2. In this case, we know from 7.3 that Rtjwi ^ 1/8 ex¬ 
cept in the three cases mentioned there. So bound (7) implies that < 7’i(2,1/8,0.52) ^ 
28.96. Hence Di ^ 703387. This bound holds for the three exceptional cases of 7.3 as well. 
Since quartics of such small discriminant are all known, we know the class number of all 
such fields explicitly. In particular, the number fields are listed in t40.001-t40.057 of [1], 
where each file contains 1000 number fields listed in ascending order of the absolute discrim¬ 
inants. There are altogether 5700 number fields in the files, the last one has discriminant 
713808. This is more than sufficient for our purpose. Inspecting by hand, or using PARI/GP 
and a simple programme, we find that the largest class number of £ with Di ^ 703387 is 
64. The corresponding number field has discriminant 654400 with a defining polynomial 
a;4 - 2x^ -f 27^2 - 16a; -k 314. 
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Once we know that hi ^ 64, we find that he^s ^ 27. We may now apply bound (8) to 
conclude that ^ (^ 2 ( 2 , 27) ^ 12.57. Now since Nc{38) > 12.73, we infer that hi < 
38/4 < 10, which implies that hi^^, ^ 9. But (^2(2,9) < 10.96, and lVc(26) > 11.01. So 
hi < 26/4 < 7, and hence hi^s < 3. It follows from bound (8) that ^ 7’2(2,3) < 

9.5491. From this we conclude that Dk ^ 91. As Dk ^ 5 (see 6.1) and p(2, 5,3) < 104.2, 
bound (9) implies that Di/D\ < 104. 

7.10. The results in §7.6-7.9 are summarized in the following table. 


d 



DilDl 

5 

8.3649 

1 

5 

4 

8.3640 

1 

21 

3 

8.3591 

1 

52 

2 

9.5491 

3 

104 


8. {k, £) with d = 

2, 3, 4, 

and 5 


8.1. To make a list of all pairs (fc,!*) of interest, we will make use of the tables of number 
fields given in [1]. In the following table, in the column under (resp., Cd) we list the largest 
integer less than the d-th power (resp., an integer slightly larger than the 2 d-th power) of 
the numbers appearing in the second column of the table in 7.10. The column under Xd 
reproduces the numbers appearing in the last column of the table in 7.10. Therefore, we 
need only find all totally real number fields k of degree d, 2 ^ d ^ 6, and totally complex 
quadratic extensions £ of each k, such that Dk ^ r^, Di ^ c^, and moreover, Di/D'^ ^ Xd- 
Thanks to a detailed computation carried out at our request by Gunter Malle, for each d, 
we know the exact number of pairs of {k, £) satisfying these constraints. This number is 
listed in the last column of the following table. The data is obtained in the following way. 
The number fields k with Dk in the range we are interested in are listed in [1]. Their class 
numbers, and a set of generators of their group of units, are also given there. For d = 2, 
the quadratic extensions £ are also listed in [1]. Any quadratic extension of k is of the form 
k{y/a), with a in the ring of integers Ofc of k. For d > 2, the class number of any totally 
real k of interest turns out to be 1; hence, Ofc is a unique factorization domain. Now using 
factorization of small primes and explicit generators of the group of units of k, Malle listed 
all possible a modulo squares, and then for each of the a, the discriminant of k{y/a) could be 
computed. Using this procedure, Malle explicitly determined all totally complex quadratic 
extensions £ with Di satisfying the conditions mentioned above. 


d 

Td 

Cd 

Xd 

#{k,£) 

5 

40954 

17 X 10® 

5 

0 

4 

4893 

24 X 10® 

21 

7 

3 

584 

35 X 10^ 

52 

4 

2 

91 

8320 

104 

52 


Thus there are no {k,£) with d = 5. For 2 ^ d ^ 4, there are 52 + 4 + 7 = 63 pairs {k,£) 
satisfying the constraints on rd,Cd and Xd imposed by the considerations in 7.6-7.9. 

8.2. For each of the 63 potential pairs {k, £) mentioned above, we know defining polynomials 
for k and £, and also the values of Dk, Di, and hi^s. It turns out that hi^s = 1 or 3. We 
are able to further cut down the list of pairs {k,£) such that there is a /c-form of SU(2,1), 
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described in terms of the quadratic extension I of k, which may provide an arithmetic 
subgroup r of SU(2,1) with x(r) ^ 1, by making use of bound (9) for Di/Df.. We are then 
left with only 40 pairs. These are listed below. 



k 





Cl 


— 

a; — 1 

X^ 

— a;^ + a;^ — a; + 1 

C2 


— 

a; — 1 

x^ 

— a;^ + 2a;^ + a; + 1 

Ca 

x‘^ 

— 

a; — 1 

x^ 

+ 3a;^ + 1 

C4 


— 

a; — 1 

x^ 

— a;^ + 3a;^ — 2a; + 4 

Cs 


— 

a; — 1 

x^ 

— a;^ + 5a;^ + 2a; + 4 

Ce 

x^ 

— 

a; — 1 

x^ 

— 2a;^ + 6a;^ — 5a; + 5 

c? 

x^ 

— 

a; — 1 

x^ 

+ 6a;^ + 4 

Cs 

x^ 

— 

2 

x^ 

+ 1 

Cg 

x^ 

— 

2 

x^ 

+ 2a;2 + 4 

Cio 

x^ 

— 

2 

x^ 

— 2a;^ + 5a;^ — 4a; + 2 

Cii 

x^ 

— 

3 

x^ 

— a;^ + 1 

Cl2 

x^ 

— 

3 

x^ 

+ 4a;^ + 1 

Cl3 

x^ 

— 

a; — 3 

x^ 

— a;^ + 4a;^ + 3a; + 9 

Cl4 

x^ 

— 

a; — 3 

x^ 

— a;^ + 2x"^ + 4a; + 3 

Cl5 

x^ 

— 

a; — 4 


— a;^ — 2a; + 4 

Cl6 

x^ 

— 

a; — 4 

x^ 

— a;^ + 5a;^ + 4a; + 16 

Cl7 

x^ 

— 

a; — 5 

x^ 

— a;^ — a;^ — 2a; + 4 

Cl8 

x^ 

— 

6 

x^ 

— 2a;^ + 4 

Cl9 

x^ 

— 

6 

x^ 

+ 9 

C 20 

x^ 

— 

7 

x^ 

— 3a;^ + 4 

C 21 

x^ 

— 

a; — 8 

x^ 

— x^ — 2x^ — 3a; + 9 

C 22 

x^ 

— 

11 

x^ 

— 5a;^ + 9 

C 23 

x^ 

— 

14 

x^ 

— 2a;^ + 9a;^ — 8a; + 2 

C 24 

x^ 

— 

a; — 14 

x^ 

— a;^ — 4a;^ — 5a; + 25 

C 25 

x^ 

— 

15 

x^ 

- 5a;2 + 25 

C 26 

x^ 

— 

15 

x^ 

- 7a;2 + 16 

C 27 

x^ 

— 

a; - 17 

x^ 

— x^ — 5x^ — 6a; + 36 

C 28 

x^ 

— 

19 

x^ 

- 9a;2 + 25 

C 29 

x^ 

— 

a; — 19 

x^ 

+ 9a;^ + 1 

C 30 

x^ 

— 

22 

x^ 

- 2a;3 + lla;2 - 10a; + 3 

C 3 I 

x" 

— 

a;^ — 2a; + 1 

x" 

— a;^ + a;^ — a;^ + a;^ — a; + 1 

C 32 

x^ 

— 

a;^ — 2a; + 1 

x" 

— a;^ + 3a;"‘ + 5x^ — 2a; + 1 

C 33 

x" 

— 

3x — 1 

x" 

— a;^ + 1 

C 34 

x^ 

— 

— 4a;^ + 4a; + 1 

X® 

— a;’^ + a;^ — a;^ + a;^ — a; + 1 

C 35 

x^ 

— 

5a;^ + 5 

X® 

— a;® + a;^ — a;^ + 1 

C 36 

x^ 

— 

4a;^ + 2 

X® 

+ 1 

C 37 

x^ 

— 

4a;^ + 1 

X® 

— a;"^ + 1 

C 38 

x^ 

— 

2a;^ — Ix^ + 8a; + 1 

X® 

— 3a;® + 8a;^ — 3a;^ + 1 

C 39 

x^ 

— 

6a;^ — 4a; + 2 

x" 

- 4a;^ + 14a;® - 28a;® + 43a;4 - 44a;® + 30a;2 - 12a; + 2 

C 40 

x^ 

— 

2a;^ — 3a;^ + 4a; + 1 

X® 

- 4a;^ + 5a;® + 2a;® - lla;^ + 4a;® + 20a;2 - 32a; + 16 
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The relevant numerical values are given below, where /r is the expression 2 l)Lf|fe(—2). 


{k,i) 

Dk 

De 

a(-i) 

Le\k{—‘^) 


Cl 

5 

125 

1/30 

4/5 

1/600 

C 2 

5 

225 

1/30 

32/9 

1/135 

C3 

5 

400 

1/30 

15 

1/2’^ 

C 4 

5 

1025 

1/30 

160 

1/3 

C 5 

5 

1225 

1/30 

1728/7 

21^-1 

Ce 

5 

1525 

1/30 

420 


C7 

5 

1600 

1/30 

474 

79/2^. 5 

Cs 

8 

256 

1/12 

3/2 

1/2^ 

C9 

8 

576 

1/12 

92/9 

23/2^ • 33 

Cio 

8 

1088 

1/12 

64 

1/3 

Cii 

12 

144 

1/6 

1/9 

1/2^ • 33 

C12 

12 

2304 

1/6 

138 

23/2^ 

Cl 3 

13 

1521 

1/6 

352/9 

11/33 

Ci 4 

13 

2197 

1/6 

1332/13 

3 • 37/23 . 

Cl5 

17 

2312 

1/3 

64 

4/3 

C 16 

17 

2601 

1/3 

536/9 

67/2 • 33 

Cl7 

21 

441 

1/3 

32/63 

2/189 

C 18 

24 

576 

1/2 

2/3 

1/48 

Cl 9 

24 

2304 

1/2 

23 

23/32 

C20 

28 

784 

2/3 

8/7 

1/21 

C2I 

33 

1089 

1 

4/3 

1/12 

C22 

44 

1936 

7/6 

3 

7/32 

C23 

56 

3136 

5/3 

48/7 

5/7 

C24 

57 

3249 

7/3 

44/9 

77/108 

C25 

60 

3600 

2 

60/9 

5/6 

C26 

60 

3600 

2 

8 

1 

C27 

69 

4761 

2 

32/3 

4/3 

C28 

76 

5776 

19/6 

11 

11-19/23.3 

C29 

77 

5929 

2 

96/7 

12/7 

C30 

88 

7744 

23/6 

18 

3-23/24 

C3I 

49 

16807 

-1/21 

-64/7 

1/147 

C32 

49 

64827 

-1/21 

-2408/9 

43/23 - 33 

C33 

81 

19683 

-1/9 

-104/27 

13/23 - 33 

C34 

1125 

1265625 

4/15 

128/45 

2/33 - 52 

C35 

2000 

4000000 

2/3 

12 

1/23 

C36 

2048 

16777216 

5/6 

411 

5 - 137/29 

C37 

2304 

5308416 

1 

46/3 

23/2^-3 

C38 

3600 

12960000 

8/5 

160/3 

1/3 

C39 

4352 

18939904 

8/3 

96 

1 

C40 

4752 

22581504 

8/3 

928/9 

29/33 
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8.3 Remark The second table above lists zeta function values Cfe(—1) and L-function values 
2). This is achieved with the help of PARI/GP and the functional equation 

Lqfe(3) = 

The values can also be obtained from Magma and functional equations. Both of the computer 
softwares give us precision up to more than 25 decimal places. On the other hand, we know 
from a result of Siegel [Si] that both Cfc(—1) and 2) are rational numbers. Furthermore, 

the denominator of ('fe(—1) can be effectively estimated as explained in [Si]. Similar estimates 
for 2) are given in [Ts]. In this way, we know that the values listed in the above table 

are exact. Alternatively, the values can also be obtained from the exact formulae in [Si] and 
[Ts], but the computations are quite tedious. 

Using Proposition 2.12 we conclude now the following. 

8.4. The pair {k, £) underlying a fake projective plane, with degree d of k at least two, can 
only be one of the following fifteen: Ci, C 2 , C 3 , C 4 , Cs, Cio, Cn, Cis, C 20 , C 21 , C 26 , C 31 , C 35 , 
C 38 and C 39 . 

For every I occurring in these fifteen pairs, = 1. 

8.5. Let k, £, T> and G be as in 1.2. We assume here that d = [k : Q] > 1, T> = £, hg^s = 1, 
and £ contains a root C, of unity of order s. We will show that then given any coherent 
collection {Pv)v&Vf of maximal parahoric subgroups, the principal arithmetic subgroup A"' := 

n YivGVf contains an element of order s. In particular, A™ contains an element of 
order 2. Moreover, A™ always contains an element of order 3. (In several cases of interest, 
Tim Steger, using a method different from that used in our proof below, showed that A™ 
contains elements of order 2 and 3.) For the proof, let £' = k{Lu), where w is a primitive cube 
root of unity, and Q be the quaternion division algebra with center k, which is unramified 
at all nonarchimedean places of k, and which is ramihed at all real places of fc if d is even, 
and if d is odd, it is ramihed at all real places v ^ Vo- It is obvious that, as both £ and 
£' are totally complex quadratic extension of k, they embedd in Q. We will view Q as a 
^-vector space of dimension 2 in terms of a hxed embedding of £ in Q (the action of £ on Q 
is by multiplication on the left). Then the reduced-norm-form on Q gives us an hermitian 
form ho on the two-dimensional vector space Q. Now let a G k^ be chosen so that the 
hermitian form ho T (a) is indehnite at Vo, and dehnite at all real places v Vo- We may 
(and we do) assume that h is this form, see 5.1. We will view Go := SU(/io) as a subgroup 
of G = SU(/i) in terms of its canonical embedding. If £ does not contain a primitive cube 
root of unity, let c be the element of Go(fc) which acts on Q by multiplication by lo on the 
right; c is of order 3. 

For a nonarchimedean place v ot k which does not split in £, let £y = £ and 

Qv = Q Gfc ky. Then Qy is a two dimensional isotropic hermitian £„-space. Let {cy, /„} be 
a hxed hyperbolic basis of Qy, and for x G kf , let ipy{x) G Go(ky) be the element which 
maps Cy onto xcy and /„ onto x~^fy. Then there a I-dimensional fct,-split torus Sy of Go 
such that Sy(ky) = { ipy(x) \ x G kf}. It is obvious that c commutes with Sy. 

Let C(^ G G{k) be the element which on Q acts by multiplication on the left by and on 
the one-dimensional subspace of the hermitian form (a) it acts by multiplication by It 
is obvious that is of order s, and it commutes with Gq. 

As c and are fc-rational elements of hnite order, for all but hnitely many v G Vf, they 
lie in Py. We assert that for every v G Vf, c (resp., c,^) belongs to a conjugate of Py under an 
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element of G{ky). This is obvious if v splits in I since then the maximal parahoric subgroups 
of G{ky) form a single conjugacy class under G{ky). If v does not split in £, then both G 
and Go are of rank 1 over ky, and as c commutes with a maximal -split torus Sy of G, it 
fixes the apartment corresponding to Sy in the building of G(ky) pointwise. On the other 
hand, as commutes with all of Go, it fixes pointwise the apartment corresponding to any 
maximal fc„-split torus of G contained in Gq. From these observations our assertion follows. 
Now Proposition 5.3 implies that a conjugate of c (resp., c,^) under the group G(fc) lies in 
A"'. 

We shall now prove the following proposition. 

8.6. Proposition. The pair {k,£) underlying a fake projective plane with V = £ can only 
be one of the following four: Ci, Cn, Cis and C 21 . 

Proof. From 4.1 it follows that d > 1, so {k,£) can only be one of the fifteen pairs listed 
in 8.4. We shall use the result proved in 8.5 to exclude the eleven pairs not listed in the 
proposition. 

Let n C PU(2,1) be the fundamental group of a fake projective plane, 11 be its inverse 
image in SU(2,1). We recall that 11 is a cocompact arithmetic subgroup of SU(2,1). Let F 
be a maximal arithmetic subgroup of SU(2,1) containing 11. Let the number fields k and £, 
the division algebra V, and the /c-group G associated to F be as in 1.2. Let A = F n G{k). 
Then A is a principal arithmetic subgroup, F is its normalizer in G{ky^), and [F : A] is 
a power of 3. Let A"' be a maximal principal arithmetic subgroup of G{k) containing 
A. From the volume formula (11) we see that fi{G{ky^)/A'”) is an integral multiple afj. 
of /i = l)Lf|fe(—2). We assume now that T> = £, and {k,£) is one of the following 

eleven pairs: C 2 , C 3 , C 4 , Cg, Cio, C 20 , C 26 , C 31 , C 35 , Cgg and C 39 . These are the pairs appearing 
in 8.4 excluding the four listed in the proposition. For all these pairs except C 3 , Cg, and C 35 , 
we take p to be 2. For C 3 and Cg, we take p to be 3. The totally complex number field £ in 
C 35 equals Q(C 2 o)) where C 20 is a primitive 20-th root of unity. For the pair C 35 , p will be 
taken to be 5. We observe that the denominator of /r, for each of the eleven pairs, is prime 
to p. 

We will first treat the following nine pairs: C 2 , C 4 , Cio, C 20 , C 26 , C 31 , C 35 , Cgg and C 39 . As 
£ occurring in each of these pairs contains a root of unity of order p, and h^^^ = 1 , it follows 
from 8.5 that A™ contains an element of order p. Hence, either A contains an element of order 
p, or its index in A™ is a multiple of p. This implies that either F contains an element of order 
p, or the numerator of p(G(fc„^)/r) = p(G(fc„^)/A™)[A™ : A]/[r : A] = ap • [A"' : A]/[F : A] 
is a multiple of p. This in turn implies that either H contains an element of order p, or 
the numerator of x(n) = 3p{G{ky^)/Il) is a multiple of p. Both these alternatives are 
impossible, the former because any element of finite order in H is of order 3, whereas p = 2 
or 5, and the latter because the orbifold Euler-Foincare characteristic of H is 1. 

We shall now work with the remaining two pairs C 3 and Cg. For v G Vf, let Py be the 
closure of the principal arithmetic subgroup A in G{ky). Then A = G{k) n Yly^y^ Pv Using 
the volume formula (11), the values of e'{Py) given in 2.5, and the value of p given in the 
second table in 8.2, it is easy to see that for all v G Vf, Py is a maximal parahoric subgroup 
and it is hyperspecial whenever G{ky) contains such a subgroup. Hence, p(G(A:„„)/A) = p. 
We know from 5.4 that [F : A] = 3 since hi^s = 1 and % is empty. Then x(r) = x(A)/3 = p. 
Since x(n) = 1, the index of H in F is 1/p, which is a power of 2 in the two cases presently 
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under consideration. As I does not contain a primitive cube root of unity, the center of 
A is trivial, and therefore, F = A • C{kv^), where C{lkv^) is the center of G{kv^) which is 
a cyclic group of order 3. We conclude now that the image F of F in the adjoint group 
G{kv^) = PU(2,1) coincides with the image A of A, and the index of FI in A is l/p.. It 
follows from 8.5 that A, and hence also A, contains an element of order 3. But then any 
subgroup of A of index a power of 2, in particular, FI, contains an element of order 3. This 
contradicts the fact that FI is torsion-free. Thus we have proved the proposition. 

8 . 7 . We shall now assume that the pair {k,£) is one of the fifteen listed in 8.4, the fc-group 
G is as in 1.2, and I? is a cubic division algebra. Let the principal arithmetic subgroup A be 
as in 1.2 and F be its normalizer in G{ky^). For v G Vf, let Py be the parahoric subgroup of 
G{ky) as in 1.2. Let T and Tq be as in 2.2. We recall that Tq is the set of nonarchimedean 
places of k where G is anisotropic, and T is the set of nonarchimedean places v of k such 
that Py is not a hyperspecial subgroup of G{ky^) and the latter contains such a subgroup, 
and also the places v such that Py is an Iwahori subgroup. As V is assumed to be a cubic 
division algebra, Tq is nonempty. 

We will now prove the following proposition. 

8 . 8 . Proposition. If the orbifold Euler-Poincare characteristic x(F) of V is a reciprocal 
integer, then the pair {k,£) must be one of the following five C 2 , Cio, Cis, C 31 and C 39 . 
Moreover, Tq = { 0 }, where 0 is the unique place of k lying over 2, except for the pair Cis, 
in which case it is the unique place of k lying over 2>; T — Tq is precisely the set of places of 
k which ramify in £; for all v € Vf, Py is a maximal parahoric subgroup of G{ky) and Py is 
hyperspecial whenever G{ky) contains such a parahoric subgroup. 

For the proof of this proposition, it is convenient to have the following concrete description 
provided to us by Tim Steger of the fifteen pairs occurring in 8.4. As before, here and in 
the sequel, fn will denote a primitive n-th root of unity. 


Cl = (Q(y5),Q(C5)), 

C3 = (Q(y5),Q(y5,C4)), 

Cs = mV 2 ),Q{V 2 Xs)), 

Cii = (Q(y3),Q(Ci2)), 

C 2 o = (Q(y 7 ),Q(y 7 ,C 4 )), 

C26 = (<0(^15), Q(yT5,C4)), 

C35 = (Q(C20 + C:m^),Q(C2o)), 

C39 = (Q(V 5 + 2V2), Q(V 5 + 2V2, C4)). 


C 2 = (Q(75),Q(v ^,C3)), 

C 4 = (Q(y5),Q(^(-13 + y5)/2)), 
Cio = (Q(V2),Q(y2, ^-7 + 4^2)), 
Ci8 = (Q(V6),Q(y6,C3)), 

C 21 = (Q(y^),Q(V^,C3)), 

C31 = (Q(C7 + C7”')>Q(C7)), 

C 38 = (Q(V3, ^/5), Q(V3, V5, C 4 )), 


Proof of Proposition 8.8. We recall from §§1 and 2 that x(F) = 3/j(G(fci,^)/F), and 
/i(G(fc„„)/F) = pL ■ n«6T e'(7A)/[F : A], where, as before, p. = 2“2‘^Cfc(-l)L£|fe(-2). More¬ 
over, e'{Pv) is an integer for every v, and [F : A], which is a power of 3, is at most 

We note that hi^z = 1 for every £ occurring in the fifteen 
pairs {k,£) presently under consideration. We know that every place in Tg splits in £ (2.2), 
and (see 2.5 (m)) for v gTq, e'{Py) = {qy — l)^(g« -I- 1). Now the proposition can be proved 
by a straightforward case-by-case analysis carried out for each of the fifteen pairs of (fc, £) 
described above, keeping in mind Proposition 2.12, the fact that every u G Tq splits in £, 
and making use of the values of e'{Py) and given in 2.5 and 2.2 respectively. We can 
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show that unless {k,£) is one of the five pairs C 2 , Cio, Cis, C 31 and C 39 , T, Tq are as in the 
proposition, and Py is maximal for all v G Vf, and is hyperspecial whenever G{kv) contains 
such a subgroup, at least one of the following assertions holds: 

• The numerator of e.'{Py) is divisible by a prime other than 3. 

• k' ■ Y\v(^T riweT-To > 1- 

9. Five additional classes of fake projective planes 
Until 9.5, (fcjf') will be one of the following five pairs (see Proposition 8 . 8 ). 


C 2 = (Q(y5), Q(y5, Cs)), Cio = (Q(V2),Q(V2, ^-7 + 4^2)), 

C 18 = (Q(y6),Q(y6,C3)), C 31 = (Q(C7 + C 7 ”'),Q(C 7 )), 

C 39 = (Q(v/ 5 T^),Q(v/ 5 +^,C 4 )). 

Let 0 be the unique place of k lying over p := 2 if {k,tj ^ Cis, and if (fc,f) = Cis, let 0 be 
the unique place of k lying over p := 3. Let qo be the cardinality of the residue field of ky. 
9.1. Let I? be a cubic division algebra with center £ whose local invariants at the two places 
of £ lying over 0 are negative of each other and whose invariants at all the other places of £ 
are zero. There are two such division algebras, they are opposite of each other. We fix a real 
place Po of A, and an involution u of I? of the second kind so that k = {x & £ \ (j{x) = x}, 
and if G is the simply connected fc-group with 

G{k) = {x € I xa(x) = 1 and Nrd(x) = 1}, 

then Giky^) = SU(2,1), and G is anisotropic at all real places of k different from Vo- Any 
other such involution of H, or of its opposite, similarly determines a fc-group which is k- 
isomorphic to G. 

As G is anisotropic at 0 , G{ky) is the group SLi(S)) of elements of reduced norm 1 
in a cubic division algebra S with center ky. The first congruence subgroup SlJ^^(£)) of 
SLi(J)) is known to be a pro-p group, and € := SLi(2))/SLj^^(S)) is a cyclic group of order 
(ql - 1)/(9d - 1) = + 1, see Theorem 7(2) of [Ri]. 

Let {Py)y^Vf be a coherent collection of maximal parahoric subgroups Py of G{ky), 
V G Vf, such that Py is hyperspecial whenever G{ky) contains such a subgroup. Let 
A = G(fc) n riu-Pi’- ^ normalizer of A in G{ky^). We recall from 5.4 that 

[r : A] = 9 since % = { 0 }. 

Let G be the adjoint group of G. Let A (resp.T) be the image of A (resp. T) in G{ky„). 
Then x(A) = 5p{G{kyJ/A) = 3p • e'{Py), and (see 2.5 (n)) e'{Py) = {qy - l)^(go + !)■ 

We list qy, p and x(A) in the table given below. 


{k,£) 

C 2 

Cio 

C 18 

C 31 

C 39 


4 

2 

3 

8 

2 

k 

1/135 

1/3 

1/48 

1/147 

1 

X(A) 

1 

3 

1 

9 

9 


We shall now prove the following lemma. 

9.2. Lemma. G{k) is torsion-free except when (k,£) is either C 2 orCis, in which case any 
nontrivial element of finite order is central and hence is of order 3. 
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Proof. Let x S G{k) (c V) be a nontrivial element of finite order, say of order m. As the 
reduced norm of —1 is —1, m is odd. Let L be the Asubalgebra of V generated by x. Then 
L is a field extension of £ of degree 1 or 3. If L = i, then x is clearly central, and hence it is 
of order 3. As £ does not contain a nontrivial cube-root of unity unless {k,£) is C 2 or Cis, to 
prove the lemma, we can assume that L is an extension of £ of degree 3. Then [L : Q] = 6 d, 
where d = 2, 3 or 4. 

(i) {k,£) = C 2 or Cis: Then d = 2, [L : Q] = 12, and ^3 is in £. Hence, we can assume 

that TO is a multiple of 3. Then as where (j) is the Euler function, must divide 12, 

we conclude that to is either 9 or 21. We assert that if {k,£) = C 2 or Cis, then to = 9. 
For if TO = 21, then L = Q((' 2 i), and since 3 and 7 are the only primes which ramify in 
Q(C 2 i), whereas 5 ramifies in fc C L, if {k,£) = C 2 , so to cannot be 21 in this case. Next we 
observe that if {k,£) = Cio, Cis, or C 39 , then as 7 \ Di, 7 does not ramify in £, and hence 
the ramification index of L at 7 is at most 3. But the ramification index of Q(C 7 ) at 7 is 
6 . So if {k,£) = Cio, Cis, or C 39 , then L canont contain a nontrivial 7-th root of unity. We 
conclude, in particular, that if {k,£) = Cis, to = 9. 

Now let {k,£) = C 2 or Cis. Then, as £ contains C 3 , x^ is contained in £. So any automor¬ 
phism of L/£ fixes x^, and hence it will map x to either x, or to or to x^. Therefore, 
Nrd(x) = x^^ = x^ yf 1 and x cannot belong to G{k). 

(ii) {k,£) = Cio, or C 31 , or C 39 : Then SL^^^(!D) is a pro-2 group, and £ is a group of order 
7 if {k,£) = Cio or C 39 , and is of order 73 if (fc,£) = C 31 . Therefore, if {k,£) = C 31 , to = 73, 
but this is impossible since ^(73) = 72 > 6 d = 18. On the other hand, if {k,£) = Cio or 
C 39 , then TO = 7. But this is impossible since, as we observed above, L does not contain a 
nontrivial 7-th root of unity. 

9.3. Classes of fake projective planes arising from C 2 and Cig. We assume here that 
{k, £) is either C 2 or Cig. Then £ contains a nontrivial cube-root of unity and hence A contains 
the center C{k) of G{k) which is a group of order 3. The naural homomorphism A ^ A is 
surjective and its kernel equals C'(fc). Hence, x(^) = 3x(A) = 3. Lemma 9.2 implies that A 
is torsion-free. According to Theorem 15.3.1 of [Ro], i7^(A,C) vanishes which implies that 
so does i7^(A,C). By Poincare-duality, H^{A,C) also vanishes. We conclude that if X is 
the symmetric space of G{ky^), then X/A is a fake projective plane. Its fundamental group 
is A. 

Clearly, [T : A] = [T : A] = 9. Now let A be a torsion-free subgroup of T of index 9. 
Then x(^^) = 3, and so if H^{A',C) = 0 (or, equivalently, A^/[A^,A^] is finite), then X/A' 
is a fake projective plane, and its fundamental group is A . 

9.4. Remark. Let {k,£) = C 2 , and S, A and A be as in 9.1. Then as SLi(£))/SL^^^(2)) 
is a cyclic group of order 21, SLi(2)) contains a (unique) normal subgroup N of index 3 
containing SlJ^^(S)). Let A+ = A n A^. Then since SL^^^(2)) is a pro-2 group, A+ is a 
torsion-free normal subgroup of A of index 3. It maps isomorphically onto A. 

It is not clear that in case {k,£) = Cig, A contains a subgroup which maps isomorphically 
onto A. 

9.5. The class of fake projective planes arising from Cio- We now assume that 
{k,£) = CiQ. Then A is torsion-free (9.2). Hence, A = A, and therefore, x(^) = x(A) = 3. 
Theorem 15.3.1 of [Ro] once again implies that H^{A,C), and so also i7^(A,C), vanishes. 
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From this we conclude, as above, that if X is the symmetric space of G{kv„), then X/A is 
a fake projective plane. Its fundamental group is A = A. 

Since [F : A] = 9, [F : A] = 3, and as in 9.3, any torsion-free subgroup A of F of index 3 
with vanishing H^{A ,C) is the fundamental group of a fake projective plane, namely, that 
of X/A'. 

9 . 6 . The constructions in 9.3 and 9.5 give us five distinct finite classes of fake projective 
planes. To see this, note that the construction is independent of the choice of a real place of k 
since (in 9.3 and 9.5) fc is a quadratic extension of Q and the nontrivial Galois automorphism 
of k/Q interchanges the two real places of k. On the other hand, if i; is a nonarchimedean 
place of k which is unramified in £, the parahoric involved in the construction of A is 
hyperspecial, and, as we have recalled in 5.11, the hyperspecial parahoric subgroups of G{ky) 
are conjugate to each other under G{kv). But if u is a nonarchimedean place of k which 
ramifies in f, there are two possible choices of a maximal parahoric subgroup Py of G(ky) 
up to conjugation. Hence, it follows from Proposition 5.3 that each of the pairs C 2 and Cio 
gives two distinct classes of fake projective planes and the pair Cis gives only one since in 
case (k,l) = C 2 or Cio, there is (just) one nonarchimedean place of k which ramifies in £, 
and if {k,i) = Cig, every nonarchimedean place of k is unramified in i since Dg = D^. 

9 . 7 . We will now show that the pairs C 31 and C 39 do not give rise to any fake projective 
planes. For this purpose, let {k,£) be one of these pairs here. Then hk = I = h^. We 
first recall that A is a torsion-free subgroup (9.2) and its Euler-Poincare characteristic is 
9. Therefore, x(A) = 9. As [F : A] = 9, [F : A] = 3. Hence, the orbifold Euler-Poincare 
characteristic x(r) of F equals 3. This implies that no proper subgroup of F can be the 
fundamental group of a fake projective plane. We will now prove that F is not torsion-free 
(in fact, it contains an element of order 3) and hence it cannot be the fundamental group of 
a fake projective plane. 

As before, let 0 be the unique place of k lying over 2. Let o' and o" be the two places 
of £ lying over 0 . We will think of o' and 0 " as normalized valuations of 1. Recall that the 
cubic division algebra T) ramifies only at v' and o". Hence, D is the only nonarchimedean 
place of k where G is anisotropic, at all other nonarchimedean places of k it is quasi-split. 

To find an element of G{k) of order 3 which normalizes A (and hence lies in F) we proceed 
as follows. Since hi = 1, there is an element a G £^ such that (z) v{a) = 0 for every valuation 
V oi £ not lying over 2; (ii) o'(a) = 1 and o"(a) = 0. Let A = a/a(a). Then u(A) = 0 for 
every valuation v of £ not lying over 2; ti'(A) = 1, ti"(A) = —1, and Ni/k{X) = 1. The 
field L := £[X]/{X^ — A) admits an involution r (i.e., an automorphism of order 2) whose 
restriction to the subfield £ coincides with crj^; r is defined as follows: let x be the unique 
cube-root of A in L, then t(x) = a;“^. 

We assert that there is an embedding t of L in I? such that, in terms of this embedding, 
ct|l = t. Since L ky is clearly a direct sum of two cubic extensions of fcn, L does embed 
in V. Now to see that there is an embedding such that u\l = r, we can apply Proposition 
A. 2 of [PrR]. The existence of local embeddings respecting the involutions a and r need to 
be checked only at the real places of fc, since at all the nonarchimedean places of fc, G is 
quasi-split (see p. 340 of [PIR]). We will now show that for every real place v of fc, there is 
embedding oi L ®k ky in I? ky respecting the involutions cr and r. This will imply that 
there is an embedding z of L in I? with the desired property. 
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Let y = x+t{x) = x+x~^. Then L'^ = k[y]. As y^ = x^+a:“^+3(a:+a:“^) = A+(t(A)+3?/, 
y^ — iy — b — 0, where b = A+(t(A) G k. The discriminant of the cubic polynomial Y^ — 3Y — b 
is 27(4 — 6 ^) = 27{4Acr(A) — (A + (j(A))^} = — 27(A — (j(A))^. Since £ is totally complex, for 
any real place v oi k, t ®k ky = and as X G £ C £ ky is an element of norm 1 over 
k, X — cr(A) is purely imaginary, and hence the discriminant — 27(A — cr(A))^ is positive in 
ky = M. Therefore, for any real place v of k, all the roots of Y^ — 3Y — b are in ky. This 
implies that the smallest Galois extension of k containing L'^ is totally real, and so it is 
linearly disjoint from the totally complex quadratic extension £ of k. Moreover, ky is a 
direct sum of three copies of C, each of which is stable under r. This implies the existence 
of an embedding of L iS)k ky in V iS)k ky respecting the involutions. 

For a nonzero element h G L’’, which we will choose latter, we denote by t the involution 
of T> defined as follows 

t{z) = ha{z)h~^ for z GV. 

Now let G (resp., Q) be the connected semi-simple (resp., reductive) fc-subgroup of GLi^p 
such that 

G{k) = {zGV^ I zt{z) = 1 and Nrd(z) = 1} 

(resp., Q{k) = {z G \ zt{z) G k^}). 

G is a normal subgroup of Q, the center C of the latter is /c-isomorphic to Ri/k{GLi). The 
adjoint action of Q on the Lie algebra of G induces a fc-isomorphism of Q/C onto the adjoint 
group G of G. 

We use i to identify L with a maximal subfield of T>. As xt{x) = 1, x is an element of 
Q{k). Let g be its image in G{k). Since = A G f, g is an element of order 3. Let T be the 
centralizer of g in G. Then T is a maximal fc-torus of G, and its group of fc-rational points 
is L^nGik). 

We will choose h so that (1) G{ky^) is isomorphic to SU(2,1), and for all real places 
V ^ Vo oi k, G{ky) is isomorphic to the compact group SU(3). This condition will clearly 
hold if in every embedding of L'^ in R, h is positive. It will imply that the group G defined 
here in terms of the involution r of I? is /c-isomorphic to the group introduced in 9.1. (2) 
For every nonarchimedean place v oi k such that G(ky) contains a hyperspecial parahoric 
subgroup (this is the case if and only if v is unramified in £ and it does not lie over 2 , recall 
that at the unique place 0 of fc lying over 2, G is anisotropic), g normalizes one. 

The assertions in the next two paragraphs hold for an arbitrary nonzero h G L'^ . 

We begin by observing that if x is a nonarchimedean place of k such that 3 does not divide 

-f 1 (for example, if v lies over 3), and £ iS)k ky is an unramified quadratic field extension 
of ky, then g must normalize a hyperspecial parahoric subgroup of G{ky). To see this, we 
assume that g normalizes a non-hyperspecial maximal parahoric subgroup. The number of 
edges in the Bruhat-Tits building of G{ky) emanating from the vertex corresponding to this 
maximal parahoric subgroup is qy + 1. As (/ is an automorphism of G of order 3, and 3 does 
not divide qy + 1, at least one of these edges is fixed by g. This implies that g normalizes a 
hyperspecial parahoric subgroup of G{ky). 

Now we note that the reduced norm of x (x considered as an element of T>) is A, and 
the image of g in H^{k,G) C £^ /£^ , where G is the center of G, is the class of A“^ in 
£^ . Let X be a nonarchimedean place of k, not lying over 2, which splits in £. Then 

G{ky) = SL 3 (A:„), and hence every maximal parahoric subgroup of G{ky) is hyperspecial. 
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As A is a unit in both the embeddings oi £ in kv, g does normalize a maximal parahoric 
subgroup of G{kv), see [BP], 2.7 and 2.3(i). On the other hand, if u is a nonarchimedean 
place of k which does not lie over 3, and £y := £®k ky is an unramified field extension of ky, 
then in case L'^ ®kky is a field, the torus T is anisotropic over ky and its splitting field is the 
unramified cubic extension L ®k ky oi £y. This implies at once that the unique parahoric 
subgroup of G{ky) containing T(ky) is hyperspecial. This parahoric is normalized by g. If 
L'^ ®k ky is a direct sum of ky and the unramified quadratic extension £y of ky, then T is 
isotropic over ky. The apartment in the Bruhat-Tits building of G{ky) corresponding to 
this torus is fixed pointwise by g, in particular g fixes a hyperspecial parahoric subgroup of 
Giky). 

Now let S be the set of all real places of k, and all the nonarchimedean places v such 
that (i) V does not lie over 3, (ii) £y := £ ( 8 )fc ky is an unramified field extension of ky, and 
(iii) L'^ (g)fc ky is a direct sum of three copies of ky. As the smallest Galois extension of 
k containing L'^ is linearly disjoint from £ over k, there is a nonarchimedean place w oi k 
such that L ky, is an unramified field extension of ky, of degree 6 . For this w, the field 
L®kkw = £®k L'^ ®k ky, is a quadratic extension of the field L'^ Gfc ky,. Hence, by local class 
field theory, the norm subgroup Ni/k{{L ky,)^) is a subgroup of index 2 in {L'^ ky,)^. 

Using this, and the fact that as L is a quadratic extension of L'^, according to global class 
field theory is a subgroup of index 2 in where II and are the 

idele groups of L and L'^ respectively, and : II ^ I is the norm map, we conclude 

that Nk/L^{ll) ■ = ifx, where if (resp., ifx) denotes the restricted direct product of 

{L (g)fc ky)^ (resp., {L'^ ky)^), v G S. This implies that there is an element h G L'^ which 

is positive in every embedding of L'^ in R, and is such that for every nonarchimedean v € S, 
we can find an isomorphism of V (g)k ky with M 3 (£y) which maps T{ky) into the group of 
diagonal matrices of determinant 1 whose diagonal entries are elements of £y of norm 1 over 
ky, and which carries the involution t into the standard involution of M^{£y). We choose 
such an h and use it to define t. Then for every nonarchimedean v € S, the unique parahoric 
subgroup of G{ky) containing T(ky) is hyperspecial, and this parahoric is normalized by g. 

For {k,£) = C 39 , since Di = every nonarchimedean place of k is unramified in £. But 
if {k,£) = C 31 , there is a unique nonarchimedean place v oi k which ramifies in £. It is the 
unique place of k lying over 7. The residue field of ky has 7 elements, so in the Bruhat-Tits 
building of G{ky), 8 edges emanate from every vertex. We infer that g must fix an edge. 
This implies that g normalizes a conjugate of every maximal parahoric subgroup of G{ky). 
In particular, it normalizes a hyperspecial parahoric subgroup. 

As g is an element of G{k) of finite order, it does normalize a coherent collection of 
parahoric subgroups of G(ky), v G Vf. Since any two hyperspecial parahoric subgroups 
of G{ky) are conjugate to each other under an element of G{ky), from the considerations 
above we conclude that g normalizes a coherent collection (Pl)y^Vf of maximal parahoric 
subgroups such that for every v G Vf, Py is conjugate to Py {Py's are as in 9.1) under 
an element of G{ky). Proposition 5.3 implies that a conjugate of g (in G{k)) normalizes 
{Py)y^Vf, and hence it normalizes A, and therefore lies in F. This proves that F contains an 
element of order 3. 

9.8. We mention the following question. Are there fake projective planes whose fundamental 
group is an arithmetic subgroup of the projective unitary group of an hermitian form on £^1 
Proposition 8.6 lists six possible pairs of fields k and £ underlying such a group. Each of these 
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six pairs gives exactly one group G, up to /c-isomorphism, which is the projective unitary 
group of an hermitian form over such that G{k (8 iqM) is isomorphic to PU(2,1) x PU(3). 
Tim Steger has just shown that G obtained from the pair C 21 cannot give a fake projective 
plane. Donald Cartwright and Tim Steger are trying to see if any of the remaining three 
groups with {k,£) = Ci, Cn, or Cis, can contain the fundamental group of a fake projective 
plane as an arithmetic subgroup. 

10. Some geometric properties of the fake projective planes constructed above 

In the following theorem, P will denote one of the fake projective planes constructed in 
5.7-5.10 and 9.3, 9.5, and 11 C PU(2,1) will denote its fundamental group. 

10.1. Theorem. i7i(P,Z) = i7i(n,Z) is nontrivial, or equivalently, n/[n,n] is nontrivial. 

Proof. Let the pair {k,£), the fc-form G of SU(2,1), and the real place Vo of k, be the ones 
associated to the fake projective plane P. Let G be the adjoint group of G. Then 11 is a 
torsion-free cocompact arithmetic subgroup of G{ky^). Let 11 be the inverse image of 11 in 
G{kv^), P be a maximal arithmetic subgroup of G{ky^) containing 11, and A = rnG(A:). The 
image T of P, and hence the image 11 of H, in G{kv^) is contained in G{k), see Proposition 

1.2 of [BP]. 

The group G is anisotropic at a unique nonarchimedean place 0 of k. The group G{kx,) 
is the compact group SLi(!l)) of elements of reduced norm 1 in a cubic division algebra £> 
with center k„. We can (and we will) view 11 as a subgroup of K := G{k„). Let PI be the 
closure of 11 in K. Then as 11 and A are commensurable, PI is an open subgroup of K. Now 

8.3 of [BT] implies that the commutator subgroup [H, H] of H is an open (and so closed) 

subgroup of K. We observe that K {= /k^), and so also H, is a pro-solvable group, and 

hence [H, il] is a proper subgroup of H. 

It is obvious that II/p, B] projects onto and as the latter group is nontrivial, 

so is the former. 

10.2. Remark. We can use the structure of SLi(S)) to provide an explicit lower bound for 
the order of Hi {P, Z). 

In the following proposition, P is one of the fake projective planes constructed in 5.7-5.10 
and 9.5 (but not in 9.3). Let 11 C PU(2,1) be the fundamental group of P. Let the pair 
{k,£), the fc-form G of SU(2,1), and the real place Vo of k, be the ones associated to 11. Let 
G be the adjoint group of G, G the center of G, and : G ^ G be the natural isogeny. 
Then 11 is a torsion-free cocompact arithmetic subgroup of Giky^). Let 11 be the inverse 
image of 11 in G{ky^), T be a maximal arithmetic subgroup of G{ky^) containing 11, and 
A = r n G{k). Then T is the normalizer of A in G{ky^). 

10.3. Proposition. The short exact sequence 

{i}^G(fc„j^n^n^{i} 

splits. 

Proof. We know from 5.4 that [T : A] = 9. The image T of T, and hence the image 
n of n, in G{ky^) is contained in G(fc), see Proposition 1.2 of [BP]. Hence P C G(k), 
where k is an algebraic closure of k. Now let x be an element of P. As (p{x) lies in 
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G{k), for every 7 e Ga\{k/k), (p{j{x)) = (p{x), and hence j(x)x ^ lies in C'(fc). Therefore, 
{j{x)x~^)^ = j{x)^x~^ = 1, i. e., 7 ( 0 ;)^ = x^, which implies that G T n G{k) = A. 

Let A be the image of A in G{kva)- Then A is a normal subgroup of T of index 3 (we have 
excluded the fake projective planes arising in 9.3 to ensure this). Now we observe that Iln A 
is torsion-free. This is obvious from Lemmas 5.5 and 9.2 if ^ ^ Q(V— 7), since then G(k), 
and hence A, is torsion-free. On the other hand, if £ = Q(-\/—7), then any nontrivial element 
of finite order of A, and so of If n A, is of order 7 (Lemma 5.5), but as LI is torsion-free, 
the order of such an element must be 3. We conclude that 11 n A is always torsion-free. 
Therefore, it maps isomorphically onto LI H A. In particular, if 11 C A, then the subgroup 
n n A maps isomorphically onto LI and we are done. 

Let us assume now that 11 is not contained in A. Then 11 projects onto L/A, which implies 
that n n A is a normal subgroup of 11 of index 3. We pick an element g of 11 — A and let g 
be an element of 11 which maps onto g. Then G 11 n G{k) = 11 n A, and lJo<i <2 5 *(n H A) 
is a subgroup of LI which maps isomorphically onto H. This proves the proposition. 

10.4. We note here that whenever the assertion of Proposition 10.3 holds, we get the 

geometric result that the canonical line bundle Kp of P is three times a holomorphic line 
bundle. To see this, consider the standard embedding of the universal covering P = of 
P into an affine plane C as an SU(2, l)-orbit (cf. Kollar [Ko], pp. 92-93, especially 
Lemma 7.3). In the subgroup (of the Picard group) consisting of SU(2, l)-equivariant line 
bundles on P^, the canonical line bundle Kp 2 of P^ equals — 3i7 for the hyperplane line 
bundle PI on P^. Proposition 10.3 implies that 11 can be lifted isomorphically to a discrete 
subgroup of SU(2,1), and hence, and —descends to holomorphic line bundles 

K and L on the fake projective plane P. As K = 3L and K is just the canonical line bundle 
Kp of P, the assertion follows. 

10.5. Remark. It follows from Theorem 3(iii) of Bombieri [B] that three times the canonical 
line bundle Kp of P is very ample, and it provides an embedding of P in P^^ as a smooth 
surface of degree 81. 

The above result can be improved whenever Proposition 10.3 holds. From 10.4, K = 
Kp = 3L for some holomorphic line bundle L; L is ample as K is ample. From Theorem 
1 of Reider [Re], AT -I- 4P = 7P is very ample. Kodaira Vanishing Theorem implies that 
K{P, K -b 3P) = 0 for i > 0. It follows from Riemann-Roch that 

h^{P, 7L) = ici(7P)(ci(7L) - ci(3P)) + + c^iP)) = 15. 

Let $ : P ^ Pp"^ be the projective embedding associated to 7L. The degree of the image is 
given by 

14 )= / c2($*i7p44)=c?(7P) = 49. 

^ P 

Hence, holomorphic sections of 7L give an embedding of P as a smooth surface of degree 49 
in Pi4. 


deg$(P) = f cliHp 

d$(p) 


Appendix: Table of class numbers 

The following table lists {Di,he,ne^ 3 ) for all complex quadratic extensions f of Q with 
Di < 79 . 
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(3.1.1) (4,1,1) (7, 

(15.2.1) (19,1,1) (20 

(31.3.3) (35,2,1) (39 

(47.5.1) (51,2,1) (52 

(59.3.3) (67,1,1) (68 


1 ,1) 

(8,1,1) 

(11,1,1) 

.2,1) 

(23,3,3) 

(24,2,1) 

,4,1) 

(40,2,1) 

(43,1,1) 

,2,1) 

(55,4,1) 

(56,4,1) 

,4,1) 

(71,7,1) 

(79,5,1). 
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